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Under l a r g e s i g n a l c o n d i t i o n s , the i n h e r e n t 
n o n l i n e a r i t y o f s e m i c o n d u c t o r d e v i c e s i s r e l a t i v e l y s t r o n g , 
and n u m e r i c a l methods f o r the s o l u t i o n s o f the system 
e q u a t i o n s seem to be i n e v i t a b l e . I n t h i s w o r k , n u m e r i c a l 
a l g o r i t h m s f o r t ime- - independen t and t i m e - d e p e n d e n t 
m o d e l l i n g o f b i p o l a r d e v i c e s have been deve loped and used 
to s t u d y b o t h the i n t e r n a l and t e r m i n a l c h a r a c t e r i s t i c s o f 
some n + - p and n + - p - p + d i o d e s over a wide range 
o f o p e r a t i o n . The e f f e c t o f m i n o r i t y c a r r i e r l i f e t i m e on 
the c h a r a c t e r i s t i c s o f t he d e v i c e s has been i n v e s t i g a t e d , 
c o n s i d e r i n g the cases o£ d i o d e s w i t h the saint; w i d t h , d i o d e s 
w i t h t he same r e c o m b i n a t i o n c r i t e r i o n , and d i o d e s w i t h the 
same l i f e t i m e bu t d i f f e r e n t r e c o m b i n a t i o n c r i t e r i a 
respec t i v e l y . 
I n the f r e q u e n c y d o m a i n , we s t u d i e d the i n f l u e n c e o f 
the l i f e t i m e i n t e rms o f harmonic a n a l y s i s , by a p p l y i n g the 
Fast. F o u r i e r T r a n s f o r m d i r e c t l y t o the s o l u t i o n s . The 
q u a s i - s t a t i c s p e c t r a o b t a i n e d f r o m the e x a c t , and 
a p p r o x i m a t e d d i o d e c h a r a c t e r i s t i c s , t o g e t h e r w i t h t he 
dynamic s p e c t r u m , a re shown and c o n s i d e r e d . 
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Chapter 1 
I n t r od uc t i o n 
D u r i n g the past few y e a r s , advances i n d i g i t a l 
computers and d i g i t a l c o m p u t a t i o n t e c h n i q u e s have l e d t o 
c o n s i d e r a b l e deve lopment i n the f i e l d o f c o m p u t e r - a i d e d 
d e s i g n . The computer i s used e x t e n s i v e l y t o d e v e l o p and 
d e s i g n s e m i c o n d u c t o r d e v i c e s . The work i s c e n t e r e d on 
deve lopment o f models wh ich w i l l p r e d i c t d e v i c e pe r fo rmance 
over a wide range o f o p e r a t i o n . The models s h o u l d a l s o be 
a c c u r a t e , and g i v e d e t a i l e d and e x t e n s i v e i n f o r m a t i o n about 
the i n t e r n a l b e h a v i o u r o f the d e v i c e . 
The i n h e r e n t n a t u r e o f n o n l i n e a r i t y and a l so the s t r o n g 
c o u p l i n g between the p h y s i c a l pa ramete r s o f the d e v i c e make 
the m o d e l l i n g t e c h n i q u e c o m p l i c a t e d . However, these 
t e c h n i q u e s have been r e m a r k a b l y deve loped i n b o t h the t i m e 
and f r e q u e n c y doma ins , and t h e y can be c l a s s i f i e d i n t o 2 
t y p e s ; the a n a l y t i c a l a p p r o a c h , and the n u m e r i c a l a p p r o a c h . 
1.1 The a n a l y t i c a l approach 
The a n a l y t i c a l approach has been deve loped w i d e l y and 
was used i n the e a r l y a n a l y s e s o f s e m i c o n d u c t o r d e v i c e s . 
The methods are based on c e r t a i n a p p r o x i m a t i o n s and 
a s sumpt ions which a re used to s i m p l i f y the m a t h e m a t i c a l 
d e s c r i p t i o n o f the p h y s i c s o f the d e v i c e . The deve lopment 
began w i t h S c h o c k l y ' s c l a s s i c a l t h e o r y o f d e p l e t i o n 
a p p r o x i m a t i o n <1> which assumes t h a t t h e r e are no m o b i l e 
c a r r i e r s e x i s t i n g i n the space-charge r e g i o n . By us ing 
Boltzrnann s t a t i s t i c s , the concep t o f q u a s i - u q u i 1 i b r i u m , and 
by n e g l e c t i n g the d r i f t c u r r e n t components , the b e h a v i o u r 
o f t h e d e v i c e s can be p r e d i c t e d . The d e p l e t i o n model has 
been used s u c c e s s f u l l y and i s w i d e l y a c c e p t e d , p a r t i c u l a r l y 
w i t h a l l o y e d j u n c t i o n d e v i c e s under l o w - l e v e l i n j e c t i o n 
c o n d i t i o n s . For d i f f u s i o n d e v i c e s under h i g h - l e v e l 
i n j e c t i o n c o n d i t i o n s however , d e p a r t u r e s f r o m t h i s model 
were found and a s c r i b e d to the presence o f m o b i l e c a r r i e r s 
i n the space -charge r e g i o n , For a h i g h - l e v e l i n j e c t i o n 
m o d e l . Cornu <2> proposed an a s sumpt ion t h a t the 
space-charge d e n s i t i e s on each s i d e o f the j u n c t i o n 
decrease e x p o n e n t i a l l y , r a t h e r than be ing c o n s t a n t as i n 
the case o f the d e p l e t i o n m o d e l . The Cornu model p r o v i d e s 
v e r y good agreement w i t h the e x a c t n u m e r i c a l s o l u t i o n s . 
However, t he model can be a n a l y z e d o n l y i n the l i m i t i n g 
case when the p o t e n t i a l b a r r i e r becomes s m a l l compared to 
the t he rma l v o l t a g e ( k T / q ) . 
A l a t e r model proposed by Choo <3> assumed t h a t the 
c o n t r i b u t i o n o f the i o n i z e d i m p u r i t i e s to the space-charge 
on the l i g h t l y doped s i d e o f the j u n c t i o n c o u l d be n e g l e c t e d 
under h i g h - l e v e l i n j e c t i o n c o n d i t i o n s . The use o f t h i s 
model t o g e t h e r w i t h the qua s i - equ i 1 i b r i urn and 
q u a s i - n e u t r a l i t y a s sumpt ions g i v e s r e s u l t s c l o s e r to the 
e x a c t n u m e r i c a l s o l u t i o n s a t any i n j e c t e d l e v e l . However, 
t h e s o l u t i o n s can o n l y be o b t a i n e d by s o l v i n g the i m p l i c i t 
e q u a t i o n s . 
I n g e n e r a l computer a ided c i r c u i t a n a l y s i s and d e s i g n 
r e q u i r e s t h a t the s o l u t i o n s o b t a i n e d f rom the above models 
be f o r m u l a t e d so t h a t the d e v i c e can lie r e p r e s e n t e d by 
d i s c r e t e c i r c u i t e l e m e n t s . A v a l i d r e p r e s e n t a t i o n s h o u l d 
c o n t a i n b o t h s t a t i c and dynamic d e s c r i p t i o n s o f the d e v i c e . 
L i n v i l l ' s c l a s s i c a l mul t i p i e - lump model <4> r e p r e s e n t s the 
r e c o m b i n a t i o n and charge s t o r a g e te rms i n the c o n t i n u i t y 
e q u a t i o n s by two new c i r c u i t e l emen t s c a l l e d combinance and 
s t o r a n c e r e s p e c t i v e l y . The n e u t r a l r e g i o n s a re then 
r e p r e s e n t e d by a s e r i e s o f p a r a l l e l p a i r s o f combinance and 
s t o r a n c e , w h i l e the space-charge r e g i o n i s r e p r e s e n t e d by a 
c a p a c i t o r . T h i s model can r e p r e s e n t a p - n j u n c t i o n d i o d e 
e x a c t l y i f the number o f s e c t i o n s approaches i n f i n i t y . A 
c o u n t e r p a r t o f the L i n v i l l model i s the Wang-Branin model 
<6> where the u n f a m i l i a r c i r c u i t e l ements used i n the 
L i n v i l l model are r e p l a c e d by c o n v e n t i o n a l c i r c u i t 
e l e m e n t s . A s i m p l e r model was proposed by Barna and 
H o r e l i c k <5> wh ich accoun ted f o r c o n d u c t i v i t y m o d u l a t i o n . 
The model i s based on the s t u d y o f b u l k r e s i s t a n c e d u r i n g 
t r a n s i e n t b e h a v i o u r as sugges ted by Ko <7><8>. I t c o n s i s t s 
o f a f i n i t e number o f c o n v e n t i o n a l c i r c u i t e l e m e n t s . The 
model was shown to g i v e s a t i s f a c t o r y r e s u l t s a t any 
i n j e c t i o n l e v e l . R e c e n t l y , Chua and Tseng<9> a t t e m p t i n g to 
a c h i e v e g r e a t e r s i m p l i c i t y , have p resen ted y e t a n o t h e r 
model c a l l e d the m e m r i s t i v e d i o d e m o d e l . T h i s model 
c o n t a i n s o n l y f o u r c o n v e n t i o n a l c i r c u i t e l e m e n t s , i n c l u d i n g 
a n o n l i n e a r cha rge c o n t r o l l e d r e s i s t o r c a l l e d a m e m r i s t o r . 
The model proved capab le o f p r e d i c t i n g d i o d e b e h a v i o u r 
under f o r w a r d , r e v e r s e , and s i n u s o i d a l o p e r a t i o n modes, and 
a t the same t i m e a l l o w i n g f o r second o r d e r e f f e c t s due to 
c o n d u c t i v i t y m o d u l a t i o n . 
The a n a l y t i c a l approach has the advantage o f p r o v i d i n g 
a n a l y t i c a l l y t r a c t a b l e s o l u t i o n s s u p p o r t i n g q u a n t i t a t i v e 
e x p l a n a t i o n o f the d e v i c e b e h a v i o u r . However, t he 
a p p r o x i m a t i o n s and a s sumpt ions w h i c h are necessa ry t o 
a c h i e v e a n a l y t i c a l s o l u t i o n i n h i b i t the models a b i l i t y to 
p r o v i d e comple t e and e x a c t d e s c r i p t i o n s o f the d e v i c e 
p r o p e r t i e s . I n a d d i t i o n , the method i s o n l y v a l i d f o r some 
i d e a l l y - g e o m e t r y d e v i c e s , e . g . t hose hav ing a b r u p t s t e p 
i m p u r i t y p r o f i l e . 
1.2 The n u m e r i c a l a p p r o a c h . 
The n u m e r i c a l approach i s e s s e n t i a l l y based on us ing 
s u c c e s s i v e a p p r o x i m a t i o n t e c h n i q u e s t o s o l v e the n o n l i n e a r 
e q u a t i o n s i n the p h y s i c s o f the d e v i c e . The r e s u l t s 
o b t a i n e d us ing t h i s approach can t h e r e f o r e be h i g h l y 
a c c u r a t e i n p r e d i c t i n g the b e h a v i o u r o f the d e v i c e a t any 
i n j e c t i o n l e v e l . They a re o f t e n r e f e r r e d to as the e x a c t 
s o l u t i o n s a l t h o u g h t h e y depend on the model used . Many 
a l g o r i t h m s w h i c h use n u m e r i c a l a n a l y s i s have been p r o p o s e d . 
The main problem has been the deve lopmen t o f c o m p u t a t i o n a l 
methods , w h i c h ensure convergence or s t a b i l i t y o f the 
s o l u t i o n s . 
In o n e - d i m e n s i o n a l a n a l y s i s , the deve lopment o f 
d c - s t e a d y s t a t e m o d e l l i n g began w i t h the s e l f - c o n s i s t e n t 
scheme o f Gurnmel <10> a p p l i e d to a j u n c t i o n t r a n s i s t o r . 
H i s i t e r a t i v e scheme s t a r t s w i t h an e s t i m a t e a t the v a l u e 
o f the e l e c t r o s t a t i c p o t e n t i a l , f r o m w h i c h the q u a s i - F e r m i 
p o t e n t i a l s , c a r r i e r d e n s i t i e s and l i n e a r i z e d Po i s son 
e q u a t i o n , a r e c a l c u l a t e d . The a l g o r i t h m i s c o m p u t a t i o n a l l y 
s i m p l e , b u t convergence can o n l y be o b t a i n e d under l o w and 
moderate i n j e c t i o n l e v e l s . 
De Mar i <11> has ex tended the b a s i c Gummel a l g o r i t h m , 
and a p p l i e d i t to s ing 1 e - j u n c t i o n d e v i c e s . By t r e a t i n g the 
c u r r e n t d e n s i t y e q u a t i o n s as two independen t f i r s t o r d e r 
l i n e a r d i f f e r e n t i a l e q u a t i o n s , the a n a l y t i c a l system 
e q u a t i o n s can be r e f o r m u l a t e d . When damping f a c t o r s were 
i n t r o d u c e d i n v a r i o u s r e g i o n s , the a l g o r i t h m was shown t o 
g i v e h i g h e r a c c u r a c y than the Gurnmel method and a p p l i e d t o 
a w i d e r range o f i n j e c t i o n - l e v e l c o n d i t i o n s . The a l g o r i t h m 
i s however l i m i t e d to cases i n v o l v i n g s l i g h t o r modera te 
r e c o m b i n a t i o n . A r a n d j e l o v i c <12> a p p l i e d the De M a r i 
a l g o r i t h m to a j u n c t i o n d i o d e b u t i n c l u d e d the 
r e c o m b i n a t i o n p rocesses and n o n c o n s t a n t m o b i l i t i e s . L a t e r 
work by C a l z o l a r i , e t . a l , <13> p re sen t ed a more n u m e r i c a l 
approach us ing the f i n i t e d i f f e r e n c e a p p r o x i m a t i o n t o 
t r a n s f o r m the n o n l i n e a r d i f f e r e n t i a l e q u a t i o n s i n t o 
n o n l i n e a r a l g e b r a i c e q u a t i o n s . The P i c a r d and Newton 
i t e r a t i o n were s u b s e q u e n t l y employed f o r the s o l u t i o n s . 
Seidmann and Choo <14> a l s o d e r i v e d an a l g o r i t h m us ing the 
same p r i n c i p l e as C a l z o l a r i , however , i n the i t e r a t i o n 
l o o p , i n s t e a d o f t r e a t i n g the g e n e r a t i o n r e c o m b i n a t i o n te rm 
e x p l i c i t y i n the c o n t i n u i t y e q u a t i o n s , the t e rm was p l a c e d 
i m p l i c i t l y i n i t s p a r t i a l l i n e a r i z a t i o n . Both the 
C a l z o l a r i and Siedman and Choo methods were shown to g i v e 
s o l u t i o n s a t any i n j e c t i o n l e v e l as w e l l as a l l o w i n g f o r 
s t r o n g r e c o m b i n a t i o n . 
I n the f i e l d o f dynamic m o d e l l i n g , De M a r i <3.5> began 
by e x t e n d i n g h i s s t a t i c a l g o r i t h m to i n c l u d e the p a r t i a l 
d e r i v a t i v e t e r m s , u s ing the g e n e r a l i z e d i m p l i c i t scheme i n 
the d i s c r e t i z a t i o n p r o c e d u r e . The s w i t c h i n g b e h a v i o u r o f a 
d i o c e was s t u d i e d i n t e n s i v e l y . La t e r Schar f e t t e r and 
Gummel <16> used De Ma r i ' s a n a l y t i c a l p rocedure when 
d e a l i n g w i t h the c u r r e n t d e n s i t i e s , and proposed a s p e c i a l 
s t a b l e d i f f e r e n c e a p p r o x i m a t i o n scheme to overcome the 
s t a b i l i t y p rob lem encoun te red a t p a r t i c u l a r l y h i g h 
i n j e c t i o n l e v e l s . Caughey <17> deve loped a d i r e c t 
n u m e r i c a l a l g o r i t h m us ing the Newton method to l i n e a r i z e d 
the e q u a t i o n s i n wh ich the p e r t u r b a t i o n te rms are e v a l u a t e d 
s i m u l t a n e o u s l y i n the i t e r a t i v e l o o p . Pe te r son <18> 
m o d i f i e d the S c h a r f e t t e r a l g o r i t h m us ing the s o - c a l l e d 
" q u a s i - 1 i n e a r i z a t i o n " t e c h n i q u e s , ( w h i c h are e s s e n t i a l l y 
g e n e r a l i z e d R-d i m e n s i o n a l Newton ' s methods) , to s t u d y the 
t r a n s i e n t phenomena i n a p - i - n d i o d e . At the same t i m e 
Hach te l e t a l . <19> proposed a more g e n e r a l a l g o r i t h m . By 
r e f o r m u l a t i n g the e q u a t i o n s , h i s i t e r a t i o n scheme was 
r e q u i r e d o n l y t o c a l c u l a t e p and E, and the use o f sparse 
m a t r i x c o m p u t a t i o n made the a l g o r i t h m more e f f i c i e n t i n 
terms o f t i m e and s t o r a g e . L a t e r work by C o l l i n and 
C h u r c h i l l <20> d e a l t w i t h MOS d e v i c e s i n w h i c h the 
s t a b i l i t y p rob lem i s l e s s severe than i n j u n c t i o n d e v i c e s . 
T h i s a l l o w s the c u r r e n t d e n s i t y t e rms to be s u b s t i t u t e d 
i n t o the c o n t i n u i t y e q u a t i o n s d i r e c t l y . However, an e x t r a 
check when s o l v i n g f o r the p o t e n t i a l was i n t r o d u c e d t o 
p r e v e n t i n c o n s i s t e n c y . R e c e n t l y , F o r t i n o and Nadan <21> 
a p p l i e d s h o o t i n g t e c h n i q u e s used i n the s o l u t i o n o f i n i t i a l 
v a l u e problems t o model MOS d e v i c e s under s m a l l s i g n a l a . c . 
e x c i t a t i o n . The method however r e q u i r e s a r e c o n d i t i o n i n g 
procedure wh ich makes i t l e s s a t t r a c t i v e than o t h e r 
method s. 
For the g e n e r a l use o f computer a ided c i r c u i t a n a l y s i s , 
o p t i m i z a t i o n t e c h n i q u e s <22> can be a p p l i e d to the 
n u m e r i c a l r e s u l t s as o b t a i n e d above to produce a 
r e p r e s e n t a t i o n o f the d e v i c e i n te rms o f c o n v e n t i o n a l 
c i r c u i t e l e m e n t s . 
The n u m e r i c a l approach i s g e n e r a l l y s u p e r i o r to the 
a n a l y t i c a l approach i f e x a c t s o l u t i o n s a re d e s i r e d . I t i s 
v a l i d f o r most t y p e s o f d e v i c e a t any i n j e c t i o n l e v e l 
w h i l s t a l l o w i n g f o r s t r o n g r e c o m b i n a t i o n . However, i t 
canno t express the c l o s e d fo rm r e l a t i o n s h i p s between the 
pa ramete r s wh ich a re a p p a r e n t i n the a n a l y t i c a l a p p r o a c h . 
1 . 3 Harmonic a n a l y s i s . 
The s t u d y o f harmonic g e n e r a t i o n and d i s t o r t i o n i n the 
f r e q u e n c y domain can be done i n a s i m i l a r manner to t h a t 
used i n t i m e domain a n a l y s i s , i . e , e i t h e r by a n a l y t i c a l 
methods o r by n u m e r i c a l me thods . The a n a l y t i c a l methods 
b a s i c a l l y r e l y on f a s t convergence s e r i e s r e p r e s e n t a t i o n s . 
F o l l o w i n g the work by George <24> on h i g h e r d i m e n s i o n 
t r a n s f o r m t h e o r y , Narayanan <23> used a g e n e r a l i z a t i o n o f 
the power s e r i e s c a l l e d the V o l t e r r a s e r i e s r e p r e s e n t a t i o n 
to d e v e l o p an a .c . model o f a t r a n s i s t o r f r o m the 
a p p r o x i m a t i o n s o l u t i o n . The method d e r i v e s the c l o s e d fo rm 
r e l a t i o n s h i p s o f the harmonic components i n terms o f t he 
d e v i c e p a r a m e t e r s . The method i s however r e s t r i c t e d to 
s m a l l s i g n a l a . c . a n a l y s i s . Kulesza and K a t i b <25> used 
power s e r i e s t o s t u d y the harmonic g e n e r a t i o n i n a S c h o t t k y 
b a r r i e r d i o d e where o n l y r e s i s t i v e components were 
c o n s i d e r e d i n the m o d e l s . 
I n compar i son w i t h the above me thods , a n u m e r i c a l 
approach p r o v i d e s more g e n e r a l s o l u t i o n s . A l b r e c h t and 
Jansen <26> used the V o l t e r r a s e r i e s r e p r e s e n t a t i o n when 
s o l v i n g the system e q u a t i o n s d i r e c t l y . The method r e q u i r e s 
no a p p r o x i m a t i o n and hence p r o v i d e s more a c c u r a t e 
s o l u t i o n s . The harmonic d i s t o r t i o n and c r o s s m o d u l a t i o n i n 
p - i - n d i o d e were o b t a i n e d s u c c e s s f u l l y , b u t the method i s 
a g a i n l i m i t e d to s m a l l s i g n a l a.c c o n d i t i o n s . L a t e r work 
by Do i <27> c o n s i d e r e d the l a r g e s i g n a l cases where 
n o n l i n e a r i t i e s were s t r o n g . By u s i n g Newton ' s method t o 
o b t a i n s o l u t i o n s , and by e m p l o y i n g m o d i f i e d Besse i 
f u n c t i o n s t o g e t h e r w i t h noda l a n a l y s i s to d e r i v e the 
harmonic components , the comple t e b e h a v i o u r o f d i o d e s and 
t r a n s i s t o r s i n the f r e q u e n c y domain can be o b t a i n e d . 
However the method i s s t i l l dependent on t he a p p r o x i m a t e d 
c h a r a c t e r i s t i c s o f the d e v i c e s . 
Another approach t o the s o l u t i o n o f these p rob lems 
i n v o l v e s the use o f t i m e domain s t e a d y - s t a t e a n a l y s i s , 
f o l l o w e d by F o u r i e r T r a n s f o r m a t i o n . T h i s d i r e c t 
t r a n s f o r m a t i o n i s r e l a t i v e l y s i m p l e due to the f u l l 
deve lopment o f the Fast F o u r i e r T r a n s f o r m . The a c c u r a c y o f 
t he f r e q u e n c y domain s o l u t i o n s i s d e t e r m i n e d by t h e 
a c c u r a c y i n the t i m e d o m a i n , and hence e x a c t f r e q u e n c y 
domain s o l u t i o n s may be o b t a i n e d . nearly 
1.4 M o t i v a t i o n and aim o f the s t u d y . 
I n v e s t i g a t i o n o f s e m i c o n d u c t o r d e v i c e p e r f o r m a n c e i s 
one o f the pr ime i n t e r e s t s i n the Depar tment o f A p p l i e d 
Phys i c s and E l e c t r o n i c s . D i f f e r e n t m a t e r i a l s have been 
s t u d i e d i n t e n s i v e l y f o r use i n p r e p a r i n g s emiconduc to r 
d e v i c e s , and many e x p e r i m e n t a l t e c h n i q u e s a re employed to 
e v d l u c j l e L i i e i i c ha t dc t e r i s t i c s and p h y s i c a l p a r a m e t e r s . 
R e c e n t l y t h i s work has been ex tended i n t o f r e q u e n c y domain 
a n a l y s i s <25>, b u t o n l y s i m p l e a n a l y t i c a l ir.odels have y e t 
been c o n s i d e r e d . 
The purpose o f the work d e s c r i b e d i n t h i s t h e s i s was 
i n i t i a l l y to d e v e l o p a m i c r o p r o c e s s o r based system capab l e 
o f s i m u l a t i n g b o t h the t i m e and f r e q u e n c y domain p r o p e r t i e s 
o f some s i m p l e s emiconduc to r d e v i c e s . However, i t was 
found t h a t t h i s system would be too expens ive a t p r e s e n t , 
and hence o n l y s i m u l a t i o n on a main f rame computer has been 
used i n the w o r k . O n e - d i m e n s i o n a l m o d e l l i n g o f some p - n 
j u n c t i o n d i o d e s has been s t u d i e d i n t e n s i v e l y f o r b o t h 
s t a t i c and dynamic b e h a v i o u r s i n c l u d i n g harmonic a n a l y s i s 
i n the f r e q u e n c y d o m a i n . Emphasis was p l aced on the 
t e r m i n a l c u r r e n t - v o l t a g e c h a r a c t e r i s t i c s o f the d e v i c e s , 
and t h e i r r e l a t i o n w i t h the m i n o r i t y c a r r i e r l i f e t i m e s . 
1.5 0 r g a n i z a . t i o n o f the t h e s i s . 
I n t h i s c h a p t e r , b o t h a n a l y t i c a l and n u m e r i c a l 
m o d e l l i n g t e c h n i q u e s f o r s e m i c o n d u c t o r d e v i c e s have been 
r e v i e w e d , i n c l u d i n g a l s o a m e n t i o n o f some work i n the 
f r e q u e n c y d o m a i n . 
Chapter 2 i s devo ted to o n e - d i m e n s i o n a l m a t h e m a t i c a l 
m o d e l s o f s e m i c o n d u c t o r d e v i c e s . T h e p r o b l e m s i n v o l v e d i n 
t h e m o d e l l i n g a r e d i s c u s s e d , a n d some a u x i l i a r y e q u a t i o n s 
a r e g i v e n t o d e n o t e t h e r e l a t i o n b e t w e e n t h e p h y s i c a l 
p a r a m e t e r s o f t h e d e v i c e s . T h e b o u n d a r y c o n d i t i o n s 
n e c e s s a r y t o o b t a i n s o l u t i o n o f t h e p r o b l e m s a r e a l s o 
p r o v i d ed . 
I n c h a p t e r 3 , t h e g e n e r a l i z e d n u m e r i c a l p r o c e d u r e o f 
s o l v i n g n o n l i n e a r b o u n d a r y - v a l u e p r o b l e m s i s d i s c u s s e d 
l e a d i n g t o d e v e l o p m e n t o f t h e a l g o r i t h m s f o r t h e s o l u t i o n s . 
T h e u s e o f t h e p r o c e d u r e i s d e m o n s t r a t e d b y a n a l y s i n g 
S c h o t t k y b a r r i e r d i o d e s u n d e r r e v e r s e b i a s e d c o n d i t i o n s . 
I n c h a p t e r 4, a n u m e r i c a l a l g o r i t h m f o r d - c 
s t e a d y - s t a t e m o d e l l i n g i s d e v e l o p e d a n d u s e d t o i n v e s t i g a t e 
t h e s t a t i c b e h a v i o u r o f s o m e d i o d e s . B o t h i n t e r n a l a n d 
t e r m i n a l c h a r a c t e r i s t i c s a r e c o n s i d e r e d u n d e r f o r w a r d a n d 
r e v e r s e b i a s . T h e m a i n e m p h a s i s i s o n t h e e f f e c t o f t h e 
m i n o r i t y c a r r i e r l i f e t i m e s o n t h e d e v i c e p r o p e r t i e s . L o w 
f r e q u e n c y r e s p o n s e s t o s i n u s o i d a l e x c i t a t i o n a r e a l s o 
i n c l u d e d i n o r d e r t o p r o v i d e s t a t i c h a r m o n i c a n a l y s i s f o r 
c o m p a r i s o n w i t h t h e c o r r e s p o n d i n g d y n a m i c c a s e . 
I n c h a p t e r 5 , t h e d y n a m i c b e h a v i o u r s o f d i o d e s i s 
c o n s i d e r e d . A f a s t a l g o r i t h m f o r t h i s p u r p o s e i s d e v e l o p e d 
a n d u s e d t o s t u d y t h e t r a n s i e n t s r e s u l t i n g f r o m s t e p 
e x c i t a t i o n a t v a r i o u s i n j e c t i o n l e v e l s . T h e e f f e c t o n t h e 
r e s p o n s e t o s i n u s o i d a l e x c i t a t i o n o f t h e m i n o r i t y c a r r i e r 
l i f e t i m e s i s c o m p r e h e n s i v e l y s t u d i e d . 
I n c h a p t e r 6 , h a r m o n i c g e n e r a t i o n w i t h i n t h e f r e q u e n c y 
d o m a i n i s s t u d i e d u t i l i z i n g t h e E 'as t F o u r i e r T r a n s f o r m a t i o n 
a p p l i e d t o t h e s t e a d y - s t a t e s o l o t i o n o b t a i n e d p r e v i o u s l y i n 
c h a p t e r s 4 a n d 5 . T h e s e r e s u l t s w i l l b e r e f e r r e d t o a s t h e 
s t a t i c a n d d y n a m i c s p e c t r a r e s p e c t i v e l y . F r o m t h e s e 
s p e c t r a , t h e e f f e c t s o n t h e h a r m o n i c c o m p o n e n t s c a u s e d b y 
t h e m i n o r i t y c a r r i e r l i f e t i m e o f t h e d e v i c e i n v o l v e d a r e 
i n v e s t i g a t e d . 
C h a p t e r 7 c o n c l u d e s w i t h a s u m m a r y o f t h e a l g o r i t h m s 
u s e d a n d t h e r e s u l t s o b t a i n e d i n b o t h t h e t i m e a n d 
f r e q u e n c y d o m a i n s t o g e t h e r w i t h a c o n s i d e r a t i o n o f p o s s i b l e 
f u t u r e w o r k . 
A p p e n d i x A g i v e s a m e t h o d f o r i n v e r s i o n o f t h e 
t r i d i a g o n a l m a t r i x s y s t e m w h i c h i s t h e b a s i s o f t h e 
a l g o r i t h m s u s e d t h r o u g h o u t t h i s w o r k . 
A p p e n d i x B i s p r o v i d e d t o i n t r o d u c e a c u b i c s p l i n e 
i n t e r p o l a t i o n r e q u i r e d i n t h e d e t e r m i n a t i o n o f t h e 
r e s p o n s e s t o s i n u s o i d a l e x c i t a t i o n f r o m t h e d i o d e 
c h a r a c t e r i s t i c c u r v e s . 
A p p e n d i x C g i v e s t h e c o m p u t e r s u b r o u t i n e s u s e d i n b o t h 
s t a t i c a n d d y n a m i c a n a l y s e s . 
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I n t h i s c h a p t e r s o m e b a s i c e q u a t i o n s a n d i m p o r t a n t 
p a r a m e t e r s t o b e u s e d i n t h e a n a l y s i s w i l l b e d e r i v e d a n d 
d i s c u s s e d t o p r o v i d e a m a t h e m a t i c a l m o d e l f o r t h e b e h a v i o u r 
o f p - n j u n c t i o n d e v i c e s . 
T h e p r o b l e m c o n t a i n s a s e t o f s i m u l t a n e o u s n o n l i n e a r 
d i f f e r e n t i a l e q u a t i o n s w h i c h w i l l b e r e f e r r e d t o a s t h e 
s y s t e m e q u a t i o n s a n d some a u x i l i a r y e q u a t i o n s . I n o r d e r t o 
o b t a i n . a n e f f i c i e n t c o m p u t e r s o l u t i o n , - s o m e b o u n d a r y 
c o n d i t i o n s a n d n o r m a l i z e d f o r m s o f t h e e q u a t i o n s w i l l b e 
p r e p a r e d . 
2.1 B a s i c e q u a t i o n s f o r s e m i c o n d u c t o r d e v i c e s 
2 . 1 . 1 C u r r e n t d e n s i t y e q u a t i o n s . 
I n a j u n c t i o n d e v i c e , t h e d i f f e r e n c e i r . t h e 
c o n c e n t r a t i o n s o f c a r r i e r s o f t h e same t y p e i n e a c h r e g i o n 
c a u s e s t h e f l o w o f c h a r g e d p a r t i c l e s i n s u c h a d i r e c t i o n a s 
t o e v e n o u t t h e c o n c e n t r a t i o n g r a d i e n t s e x i s t e n c e b e t w e e n 
t h e t w o r e g i o n s . I f we d e f i n e t h e n u m b e r o f c a r r i e r s 
p a s s i n g t h r o u g h u n i t a r e a i n u n i t t i m e a s f l u x , t h i s i s 
r e f e r r e d t o a s t h e D i f f u s i o n F l u x . I n a d d i t i o n , t h e 
e x i s t i n g o f e l e c t r i c f i e l d , e i t h e r r e s u l t i n g f r o m t h e 
d i f f u s i o n f l o w o r f r o m e x t e r n a l e x c i t a t i o n , r e s u l t s i n 
a n o t h e r f l o w o f t h e c h a r g e d p a r t i c l e s i n a d i r e c t i o n 
d e t e r m i n e d b y t h e f i e l d . T h i s f l u x i s r e f e r r e d t o a s t h e 
D r i f t F l u x . 
T h e r e f o r e , t h e n e t f l u x d e n s i t i e s o f h o l e s a n d 
e l e c t r o n s a r e g i v e n b y 
f p = -Dp<3P + ^ J p . p . E 
H ^ 3 x * (2 .1 ) 
F n = - D n | H - ^ n . n . E 
3 x (2 .2 ) 
T h e c u r r e n t c r o s s i n g a u n i t a r e a ( t h e c u r r e n t d e n s i t y ) 
i s t h e n t h e p a r t i c l e f l u x d e n s i t y m u l t i p l i e d b y t h e c h a r g e 
o f t h e c a r r i e r , i . e , 
J n = F n 
T h u s , i n t e r m s o f t h e c u r r e n t d e n s i t i e s , 
e q u a t i o n s 2.1 a n d 2 .2 b e c o m e 
J = q W p E - q D u ^ 
F 1 1 3 x ( 2 . 3 ) 
J = q AJ n n E + q D n 3 n 
ax ( 2 .4 ) 
I n e q u i l i b r i u m c o n d i t i o n s , t h e d i f f u c s i o n a n d d r i f t 
c u r r e n t s o f h o l e s a n d e l e c t r o n s a r e e q u a l b u t i n o p p o s i t e 
d i r e c t i o n s , r e s u l t i n g i n no n e t c u r r e n t f l o w i n g i n t h e 
d e v i c e . On t h e o t h e r h a n d , i n n o n - e q u i 1 i b r i urn c o n d i t i o n s , 
t h e c u r r e n t d e n s i t i e s o f h o l e s a n d e l e c t r o n s a r e d e t e r m i n e d 
b y t h e d i f f e r e n c e o f t w o c u r r e n t c o m p o n e n t s , a n d t h e t o t a l 
c o n d u c t i o n c u r r e n t d e n s i t y i s t h e sum o f t h e c o n t r i b u t i o n s 
d u e t o h o l e s a n d e l e c t r o n s . 
J c o n d = J p + J n r x 
2 . 1 . 2 T h e C o n t i n u i t y e q u a t i o n s . 
M o s t s e m i c o n d u c t o r d e v i c e s o p e r a t e u n d e r 
n o n - e q u i l i b r i u m c o n d i t i o n s , i n w h i c h t h e c a r r i e r 
c o n c e n t r a t i o n p r o d u c t p . n d i f f e r s f r o m i t s e q u i l i b r i u m 
v a l u e n ^ . T h e i r p e r f o r m a n c e c a n b e d e t e r m i n e d b y t h e 
p r o c e s s o f r e t u r n i n g t o e q u i l i b r i u m . I n t h e c a s e o f 
i n j e c t i o n ( n p > n 2 i ) a n d e x t r a c t i o n ( n p < n ^ ) o f e x c e s s 
c a r r i e r s t h e r e t u r n o f e q u i l i b r i u m i s t h r o u g h r e c o m b i n a t i o n 
a n d g e n e r a t i o n o f e l ec t r o r i - h o i e p a i r s r e s p e c t i v e l y . A t a 
p a r t i c u l a r t i m e , t h e c a r r i e r d i s t r i b u t i o n s c a n b e d e s c r i b e d 
b y t h e s o l u t i o n s o f t h e t r a n s p o r t e q u a t i o n s . 
3P = - u _ ^ p 
a t H a x 
a n d 
3 n = - U - ^ f n 
a t n 3 x 
o r , i n t e r m s o f t h e c u r r e n t d e n s i t i e s , we o b t a i n 
§ P = - U D - 1 
a t H q a x 
3JG = - U n + 1 
a t q a x 
2 . 1 . 3 M a x w e l l ' s e q u a t i o n s . 
M a x w e l l ' s e q u a t i o n s s t a t e t h a t ; 
V x H = J + 3 D 
a t ( 2 . 8 ) 
V x E = - 3 B 
a t ( 2 . 9 ) 
V. D = £> ( 2 . 1 0 ) 
V . B = 0 ( 2 . 1 1 ) 
W h e r e 
H i s t h e m a g n e t i c i n t e n s i t y ( a m p s / m ) 
J i s t h e c u r r e n t d e n s i t y ( a m p s / m 2 ) 
D i s t h e e l e c t r i c d i s p l a c e m e n t ( c o u l o r a b s / m 2 ) 
E i s t h e e l e c t r i c f i e l d ( v o l t s / m ) 
B i s t h e m a g n e t i c i n d u c t i o n ( w e b e r s / m ) , a n d 
/o i s t h e v o l u m e c h a r g e d e n s i t y ( c o u l o m b s / m ^ ) 
F r o m M a x w e l l ' s e q u a t i o n s t h e r e l a t i o n b e t w e e n t h e 
e l e c t r o s t a t i c p o t e n t i a l , v , a n d t h e c o n t i n u i t y e q u a t i o n s 
c a n b e d e t e r m i n e d , u s i n g a u x i l i a r y f o r m u l a e , n a m e l y 
B = jUH 
B = V x A 
w h e r e A i s t h e v e c t o r p o t e n t i a l ( w e b e r / m 2 ) a n d a 
r e l a t i o n f r o m t h e v e c t o r a n a l y s i s t h a t 
V x ( V x Z ) = V ( V . Z ) - V 2 Z 
I t c a n b e r e a d i l y s h o w n t h a t 
E = - V V - 3A 
at 
o r 
( V 2 - >uG § f ) v = - <o 
a t 2 e ( 2 . 1 2 ) 
B u t , a f t e r a t i m e g r e a t e r t h a n t h e p r o p a g a t i o n t i m e f o r 
t h e e l e c t r i c f i e l d t o t r a v e l f r o m t h e c o n t a c t t o o n e e d g e 
o f t h e d e v i c e , we c a n a p p r o x i m a t e 
( v 2 - /ue a_ ) V ==> v 2 v 
a t 2 
a n d t h e n we o b t a i n t h e w e l l - k n o w n P o i s s o n e q u a t i o n 
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E = - V 2 V = u / £ 
I n t h e o n e - d i m e n t i o n a l c a s e , we o b t a i n 
3 E = /O 
3 x € ( 2 . 1 3 ) 
o r 
8 2 V = _ /o 
2 e 
3 x 
F o r a p - n j u n c t i o n d e v i c e , we c a n s t a t e t h a t 
/ o = q ( p - n + N ) 
wh e r e 
N = N D _ N a 
= N e t i o n i z e d d e n s i t i e s o f d o n o r s o v e r a c c e p t o r s , a n d 
6 = d i e l e c t r i c c o n s t a n t o f m a t e r i a l 
I t s h o u l d b e n o t e d h e r e t h a t d u r i n g a v e r y s h o r t t i m e 
i n t e r v a l , i n t h e r a n g e o f t h e d i e l e c t r i c r e l a x a t i o n t i m e s 
o f some s e m i c o n d u c t o r d e v i c e s , t h e P o i s s o n e q u a t i o n c a n n o t 
b e a s s u m e d . 
I n a p - n j u n c t i o n d e v i c e , , t h e s p a c e - c h a r g e r e g i o n m a y 
b e t r e a t e d a s a p a r a l l e l p l a t e c a p a c i t o r o f a r e a A . When a 
c u r r e n t I f l o w s i n t o o n e o f t h e p l a t e s , t h e c h a r g e q o n 
t h i s p l a t e m u s t b e a c c u m u l a t i n g a t a r a t e ( d q / d t ) = I , a n d 
e q u a l l y , t h e r e m u s t b e a n e g a t i v e c h a r g e - q o n t h e o t h e r 
p l a t e w h i c h i s c h a n g i n g a t t h e s ame r a t e . T h e c u r r e n t i n 
i s e q u a l t o t h e c u r r e n t o u t . G a u s s ' s t h e o r e m s h o w s t h a t 
t h e e l e c t r i c f i e l d b e t w e e n t h e p l a t e s i s 
E = q / ( € A ) 
T h e r e f o r e L = £ A ? ! 
a t 
o r J = g a_E ( 2 . 1 4 ) 
p at 
T h e t i m e - v a r y i n g f i e l d t h u s i n d u c e s c h a r g e s o n t h e o p p o s i t e 
p l a t e so a s t o k e e p t h e c u r r e n t f l o w c o n t i n u o u s . T h i s m a y 
b e t r e a t e d a s c o n t r i b u t i n g a c u r r e n t c a l l e d t h e 
D i s p l a c e m e n t C u r r e n t - J u s t a s t n e " m o v e m e n t o f 
c h a r g e c r e a t e s a c o n d u c t i o n c u r r e n t J c t t h e t i m e 
v a r y i n g f i e l d c r e a t e s a d i s p l a c e m e n t c u r r e n t . 
T h e r e f o r e , t h e t o t a l c u r r e n t J T C 3 n b e g i v e n a s 
^ T = + ( 2 . I D ) 
Or € § E , j . j . j ( 2 . 1 6 ) 
a t H 
I n t h e s t e a d y - s t a t e c a s e w h e r e t h e r e i s n o d e p e n d e n c e 
o f t h e f i e l d o n t i m e , t h e d i s p l a c e m e n t c u r r e n t i s o b v i o u s l y 
z e r o . 
Shoclcley Read Wall 
2 . 1 . 4 ^ ( S R H ) - r e c o m b i n a t i o n - g e n e r a t i o n m o d e l . 
T h e r e c o m b i n a t i o n a n d g e n e r a t i o n o f e l e c t r o n s a n d 
h o l e s i n s e m i c o n d u c t o r s m a y t a k e p l a c e a t s o m e t y p e o f 
r e c o m b i n a t i o n - g e n e r a t i o n c e n t e r s o r t r a p s . U n d e r s t e a d y 
s t a t e c o n d i t i o n s , a s i n g l e e n e r g y l e v e l r e c o m b i n a t i o n 
c e n t e r i s c h a r a c t e r i z e d b y i t s c a p t u r e c r o s s s e c t i o n f o r 
h o l e s a n d e l e c t r o n s a n d t h e e n e r g y i n v o l v e d i n t h e s e 
t r a n s i t i o n s . T h e c a p t u r e c r o s s s e c t i o n s a r e i n v e r s e l y 
p r o p o r t i o n a l t o t h e l i f e t i m e s o f h o l e s a n d e l e c t r o n s 
r e s p e c t i v e l y , a n d t h e t r a n s i t i o n e n e r g y m a y b e m e a s u r e d 
f r o m t h e a p p r o p r i a t e e d g e o f t h e e n e r g y g a p o f t h e 
s e m i c o n d u c t o r . 
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T h e r e a r e f o u r b a s i c p r o c e s s e s i n v o l v e d i n t h e c a r r i e r s 
g e n e r a t i o n a n d r e c o m b i n a t i o n t h r o u g h t r a p s . T h e s e a r e 
e l e c t r o n c a p t u r e , e l e c t r o n e m i s s i o n , h o l e c a p t u r e a n d h o l e 
e m i s s i o n . A s s u m i n g t h a t t h e s e m i c o n d u c t o r i s 
n o n - d e g e n e r a t e , t h e n e t c a p t u r e r a t e f o r e l e c t r o n s b y t h e 
t r a p s u n d e r n o n - e q u i l i b r i u m c o n d i t i o n i s g i v e n b y 
= ( n . f h n - n , . f 4 . ) / T n n 
S i m i l a r l y , f o r h o l e s we c a n w r i t e 
, J c p = ( P - f t - P l - f t p ) / T p o 
w h e r e 
f t = ( 1 + e x p ( E t - F t ) / k T ) - 1 
f t [ j i s t h e f r a c t i o n o f t r a p s o c c u p i e d b y h o l e s 
f , . i s t h e f r a c t i o n o f t r a p s o c c u p i e d b y e l e c t r o n s 
• 1 " % 
T n o ' T D o a r e t h e m i n o r i t y c a r r i e r l i f e t i m e s i n 
h i g h l y e x t r i n s i c m a t e r i a l 
E t i s t h e e n e r g y l e v e l o f t h e r e c o m b i n a t i o n -
g e n e r a t i o n c e n t e r s o r t r a p s . 
F o r n o n - e q u i 1 i b r i u r n b u t s t e a d y - s t a t e c o n d i t i o n s , t h e 
r a t e o f r e c o m b i n a t i o n c a n b e o b t a i n e d b y r e q u i r i n g t h a t t h e 
n e t r a t e o f c a p t u r e o f e l e c t r o n s b e e q u a l t o t h a t o f h o l e s . 
T h i s i m p l i e s t h a t 
U = U c n = U c p 
2 
= ( p n - n j ) 
( T p o ( n + n l > + T n o ( P + P l ) ) 
H 1 ( 2 . 1 7 ) 
W h e r e 
= n i e x p ( E t - E i ) / k T 
P j = n i e x p ( E i - E t ) / k T 
r i j i s t h e d e n s i t y o f e l e c t r o n s i n t h e c o n d u c t i o n 
b a n d w h e n t h e F e r m i l e v e l a t E. 
t • 
Pj_ i s t h e d e n s i t y o f h o l e s i n t h e v a l e n c e b a n d w h e n 
t h e F e r m i l e v e l f a l l s a t E t . 
F o r t h e m o s t e f f e c t i v e g e n e r a t i o n a n d r e c o m b i n a t i o n , 
l e t u s a s s u m e t h a t t h e s i n g l e l e v e l , u n i f o r m l y d i s t r i b u t e d 
t r a p s a r e l o c a t e d a t t h e i n t r i n s i c F e r m i l e v e l . T h u s 
^ 1 = n l = n i a n d e q u a t i o n 2 . 1 7 b e c o m e s 
U = ( P n - n j ) - ( 2 i l 8 ) 
( T p o ( n + n i ) + T n o ( p + n i ) ) 
2 . 1 . 5 M o b i l i t y e q u a t i o n s . 
I n a v a c u u m , t h e c a r r i e r m o t i o n s a r e i n f l u e n c e d o n l y 
b y t h e e l e c t r i c f i e l d w h e r e a s i n a s o l i d , c a r r i e r s i n t e r a c t 
r e p e a t e d l y w i t h t h e s u r r o u n d i n g l a t t i c e a n d h e n c e t h e i r 
m o t i o n w i l l b e d e p e n d e n t u p o n t h e i m p u r i t y d e n s i t y . 
T h e o r e t i c a l l y , t h e m o b i l i t y i s a p p r o x i m a t e d b y < 1 6 > 
••2 2 2 
^ o " = 1 + M + ( E / A ) + ( E / B ) 
N / S + IMQ E / A + F ( 2 . 1 9 ) 
w h e r e t h e c o n s t a n t s a r e g i v e n i n t a b l e 2 . 1 f o r s i l i c o n 
in . 
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F I G U R E ( 2 . 1 ) 
T A B L E 2 . 1 V A L U E S OF THE CONSTANTS I N E Q U A T I O N 2 . 1 9 
JU 0 N o 
16 3 4 
HOLE 4 8 0 4 * 1 0 8 1 6 . 1 x 1 0 1 . 6 2 . 5 x 1 0 
16 3 3 
ELECTRON 1 4 0 0 3 x 1 0 3 5 0 3 . 5 x 1 0 8 . 8 7 . 4 x 1 0 
F o r s i m p l i c i t y , d u e t o s m a l l i n f l u e n c e o f t h e 
f i e l d - d e p e n d e n t t e r m s , we w i l l n e g l e c t t h e s e t e r m s i n t h e 
a n a l y s i s . T h e m o b i l i t y m a y t h e r e f o r e b e a p p r o x i m a t e d b y 
^ o 
JU 
2 = 1 + N ( 2 . 2 0 ) 
N / S + N Q 
a n d i s s h o w n i n F i g . 2 . 1 , f o r s i l i c o n , 
T h e r e l a t i o n b e t w e e n t h e c a r r i e r m o b i l i t i e s a n d t h e 
c a r r i e r d i f f u s i o n c o n s t a n t s c a n b e o b t a i n e d f r o m t h e 
E i n s t e i n r e l a t i o n s , 
^ p = ( c J / K T ) D p f o r h o l e s * a n d 
JJ = ( q / K T ) D n f o r e l e c t r o n s 
( 2 . 2 1 ) 
T h e E i n s t e i n r e l a t i o n s a l s o s h o w t h a t t h e c a r r i e r 
d i f f u s i o n c o n s t a n t a r e n o n l i n e a r , m o n o t o n i c a l 1 y i n c r e a s i n g 
f u n c t i o n s o f t h e c a r r i e r d e n s i t i e s . 
2 . 1 . 6 D i f f u s i o n l e n g t h s . 
When a p - n j u n c t i o n d e v i c e i s c o n n e c t e d t o a n e x t e r n a l 
s o u r c e , i n j e c t i o n o f e x c e s s c a r r i e r s t a k e s p l a c e a n d a s a 
r e s u l t t h e c a r r i e r d e n s i t y i n t h e d e v i c e w i l l b e c o m e 
g r e a t e r t h a n i t w a s i n t h e r m a l e q u i l i b r i u m . T h e r e f o r e 
r e c o m b i n a t i o n i s n e c e s s a r y f o r a r e t u r n t o e q u i l i b r i u m . 
T h e p r o c e s s h a s l i t t l e e f f e c t i n t h e r e g i o n w h e r e t h e 
i n j e c t e d e x c e s s c a r r i e r s a r e m i n o r i t y . T h e d e c a y o f t h e 
e x c e s s m i n o r i t y c a r r i e r d e n s i t y i s s h o w n t o b e g o v e r n e d b y 
t h e d i f f u s i o n e q u a t i o n a n d t h e d e n s i t y f a l l s o f f a s 
e x p ( - x / L p n ) 
w h e r e L p = ( D p . T p ) 1 / 2 
L n = ( D n . T n ) 1 / 2 ( 2 - 2 2 ) 
L p a n d L n a r e t h e d i f f u s i o n l e n g t h s o f h o l e s a n d 
e l e c t r o n s r e s p e c t i v e l y . By u s i n g t h e E i n s t e i n r e l a t i o n s 
a n d t h e m o b i l i t y e q u a t i o n s , t h e r e l a t i o n s b e t w e e n t h e 
d i f f u s i o n l e n g t h a n d l i f e t i m e s c a n b e d e r i v e d . An e x a m p l e 
f o r t h e c a s e o f s i l i c o n i s s h o w n i n F i g . 2 . 2 
T h e r e l a t i o n b e t w e e n d i f f u s i o n l e n g t h a n d w i d t h o f a 
r e g i o n i s o f t e n u s e d a s a m e a s u r e o f t h e e f f e c t i v e n e s s o f 
t h e r e c o m b i n a t i o n p r o c e s s . I f t h e w i d t h t o d i f f u s i o n 
l e n g t h r a t i o i s v e r y l a r g e c o m p a r e d t o u n i t y , t h e n we h a v e 
s t r o n g r e c o m b i n a t i o n . B u t i f i t i s c o m p a r a b l e t o u n i t y o r 
l e s s t h a n u n i t y , we h a v e m o d e r a t e r e c o m b i n a t i o n a n d s l i g h t 
r e c o m b i n a t i o n r e s p e c t i v e l y . 
2 . 2 B o u n d a r y c o n d i t i o n s . 
I n o r d e r t o s o l v e t h e s y s t e m e q u a t i o n s , w h i c h a r e 
n o n l i n e a r d i f f e r e n t i a l e q u a t i o n s , s o m e b o u n d a r y c o n d i t i o n s 
m u s t b e p r o v i d e d . T h e y m a y b e o b t a i n e d t h r o u g h s o m e 
a s s u m p t i o n s a n d f r o m t h e p h y s i c a l p r o p e r t i e s o f t h e 
Ml 
a y 
S 
in 
IB 
in 
LU 
_ J 
CO 
U i IX. in U . 
i 
UJ 
in 
Li_ 
i—i 
_ l 
M I i i 1 1 1 1 i — i — i M ' H — - M - t H 
OS (. 9 s r e e s t 9 a |r £ E H M P £ C B L 9 S » £ 
O.0I"! 
F I G U R E ( 2 . 2 ) 
d e v i c e s . 
2 . 2 . 1 B o u n d a r y c o n d i t i o n s b a s e d o n o h m i c c o n t a c t s 
a s s u m p t i o n . 
F o r a d e v i c e w i t h t h e s o - c a l l e d o h m i c c o n t a c t s o r 
" p e r f e c t l y a b s o r b i n g " c o n t a c t s , we m e a n t h a t a n i n f i n i t e 
r e c o m b i n a t i o n v e l o c i t y s p i s a s s u m e d . T h e r e f o r e f i n i t e 
h o l e a n d e l e c t r o n c u r r e n t d e n s i t i e s a t t h e c o n t a c t s r e q u i r e 
( P - P Q ) = l i r a ( J p / S R p ) = 0 
o h m i c c o n t a c t S R p 
( n - n o ) = l i m ( J n / S R n ) = 0 
o h m i c c o n t a c t S R p > 0 o 
T h u s g i v e 
P = P Q 
n = n Q 
o r e q u i v a l e n t l y / = ^ p a t b o t h o h m i c 
c o n t a c t s 
W h e r e s u b s c r i p t o m e a n s t h e i r v a l u e s a t t h e t h e r m a l 
e q u i l i b r i u m a n d ff f ^ n a r e h o l e a n d e l e c t r o n 
q u a s i - f e r m i p o t e n t i a l s r e s p e c t i v e l y . 
2 . 2 . 2 B o u n d a r y c o n d i t i o n s b a s e d o n t h e s p a c e - c h a r g e 
n e u t r a l i t y a s s u m p t i o n . 
A s e m i c o n d u c t o r i n w h i c h t h e i m p u r i t i e s a r e c o m p l e t e l y 
i o n i z e d a n d u n i f o r m l y d i s t r i b u t e d w i l l n o r m a l l y o b e y t h e 
c o n d i t i o n o f s p a c e - c h a r g e n e u t r a l i t y a t t h e o h m i c c o n t a c t . 
H e n c e t h e n e t c h a r g e d e n s i t y o a t t h e o h m i c c o n t a c t s o f t h e 
s e m i c o n d u c t o r w i l l b e z e r o . T h u s g i v e s 
- o = q . ( p - n + N D _ N A ) = 0 
a n d i m p l i e s t h a t E = 0 
2 . 2 . 3 B o u n d a r y c o n d i t i o n s u n d e r c u r r e n t i n j ec t i o n . 
When a p - n j u n c t i o n d e v i c e i s c o n n e c t e d t o a n e x t e r n a l 
s o u r c e c a r r i e r s a r e i n j e c t e d u n i f o r m l y o v e r t h e c r o s s 
s e c t i o n o f t h e d e v i c e . U s i n g t h e f a c t t h a t t o t a l c u r r e n t 
d e n s i t y i n j e c t e d t h r o u g h t h e d e v i c e , J ^ . i s a l w a y s 
c o n s t a n t a t a p a r t i c u l a r t i m e , we h a v e , f o r t h e d e v i c e 
s h o w n i n F i g . 2 . 3 , 
J n ( o , t ) - J T ( t ) 
J p U , t ) = j T ( t ) 
N p 
o 
F i g u r e 2 . 3 
2 . 3 N o r m a l i z a t i o n o f t h e e q u a t i o n s . 
I n o r d e r t o r e d u c e u n n e c e s s a r y c o m p u t a t i o n s o f s o m e 
c o n s t a n t q u a n t i t i e s , t h e e q u a t i o n s s h o u l d b e n o r m a l i z e d 
i n t o t h e i r d i m e n s i o n l e s s f o r m s . F o r e x a m p l e , c o n s i d e r t h e 
h o l e c u r r e n t d e n s i t y e q u a t i o n . 
J p = q jUppE - q W » p 3 P 
v H q H 3 x ( 2 . 2 3 ) 
L e t s t a r r e d v a r i a b l e s r e p r e s e n t t h e n o r m a l i z e d v a l u e s , 
a n d d e f i n e s o m e n o r m a l i z i n g f a c t o r s s u c h a s < l l > 
" p = V ( D o / v o > 
= p / n i 
x* = x / L D 
where 
V Q = kT/q , and the Debye l e n g t h i s g iven by 
LD = ( 6 V 0 / ( q n i ) ) 1 / 2 
Equation 2.23 becomes 
J p = ( q D 0 n i / L D ) A J " ( P * E * - 3p ) ^ 3x* 
L e t J p = J p / ( q D 0 n i / L D ) 
we f i n a l l y have 
For convenience, we remove a l l the s t a r s and use the 
same symbols f o r the normalized v a r i a b l e s , thus the 
normalized equat ion o f the hole c u r r e n t d e n s i t y i s 
J p = U p ( p E - §£ ) 
3 x 
S i m i l a r l y , by using the no rma l i z ing f a c t o r s shown in 
t a b l e 2.2 , the normalized system equations i n c l u d i n g the 
a u x i l i a r y equat ions can be w r i t t e n as f o l l o w i n g 
J n = u n ( n E + ) 
ax 
§_§ = p - n + N 
6x 
= - ( p - n + N) 
a x 2 
U = P n ~ 1 (2.18) 
( T n n ( n + 1) + T n n ( p + 1)) 
TABLE 2.2 LIST OF THE NORMALIZING FACTORS, 
VARIABLE NORMALIZED 
QUANTITY 
NORMALIZING 
FACTOR 
UNIT 
P o s i t i o n coord ina te 
Time coord ina te 
Vol tage 
E l e c t r i c f i e l d 
Charge d e n s i t y 
Current d e n s i t y 
Recombination -
gene ra t ion ra te 
M o b i l i t y c o e f f i c i e n t 
D i f f u s i o n c o e f f i c i e n t 
x 
t 
V 
E 
P »n ,N 
U 
Up ,iin 
D„ 
/ (qn t ) 
L D / ° O 
V0 = kT/q 
V 0 / L D 
n i 
q D 0 n j / L D 
2 
D 0 / V 0 
1 
m. 
sec . 
v o l t . 
v o l t / m . 
-3 m. 
amp/m. 
-3 -1 m .sec. 
m , / v .sec 
2 . m./sec 
Chapter 3 
Numer i c a l Sol u t i o n o f Nonl inear Boundary-Value Problems . 
D i f f e r e n t i a l equat ions can normal ly be c l a s s i f i e d i n t o 
two types , depending on the prescr ibed c o n d i t i o n s . I f the 
c o n d i t i o n s are g iven a t one p o i n t i n the range o f the 
independent v a r i a b l e , the d i f f e r e n t i a l system i s known as 
an i n i t i a l - v a l u e problem. When the c o n d i t i o n s are g iv sn a t 
two or more d i s t i n c t p o i n t s , the system i s known as a 
boundary-value problem. For our nonl inear problems, the 
system c o n d i t i o n s are o f the l a t t e r t y p e , and we have 
non l inea r boundary-value problems. 
3 .1 E x i s t i n g a lg o r i t hms f o r the s o l u t i o n s . 
The common techniques f o r s o l v i n g boundary - value 
problems can be c l a s s i f i e d as 
1) Shooting technique 
2) F i n i t e d i f f e r e n c e techniques . 
The shooting method b a s i c a l l y reduces the 
boundary-value problem to an i n i t i a l - v a l u e problem, where 
e s t ima t ions are made a t one boundary to complete the 
necessary i n i t i a l v a l u e s . An at tempt i s then made to 
i n t e g r a t e the v a r i a b l e s to the other boundary. I f t h i s can 
be accomplished, c o r r e c t i o n s are made to the i n i t i a l 
e s t i m a t i o n and then the process i s repeated u n t i l 
convergence i s ach ieved . Thus the shoot ing method i s 
o b v i o u s l y based on i n t e g r a t i o n methods which have been w e l l 
developed and are e a s i l y a c c e s s i b l e . There e x i s t severa l 
e f f i c i e n t schemes ranging from the r e l a t i v e l y s imple to the 
q u i t e s o p h i s t i c a t e d , f o r example Runge - K u t t a , Adams 
M o u l t o n , Gear 's methods e t c . , <29><30>, most o f which have 
automatic e r ro r c o n t r o l s w i t h a v a r i a b l e s t ep-s ize to 
minimize t r u n c a t i o n and round o f f e r r o r s . 
Al though the shooting method i s s imple to use, i n many 
p r a c t i c a l problems the d i f f e r e n t i a l equat ions are so 
unstable t h a t they blow up be fo re the i n t e g r a t i o n can be 
completed. This can occur even i n the case o f ex t remely 
accurate i n i t i a l est imate and t h e r e f o r e the shoot ing method 
i s unsu i t ab le f o r c e r t a i n problems. 
In order to improve s t a b i l i t y but a t the same t ime 
preserve the advantages o f the shooting method, a " m u l t i p l e 
shoot ing method" has been proposed by Morr ison e t a l . 
<32>. This replaces the o r i g i n a l two - p o i n t 
boundary-value problem w i t h a k - p o i n t boundary-value 
problem, which s p l i t s the i n t e g r a t i o n i n t e r v a l i n t o k-1 
equal sub i n t e r v a l s , f o r each o f which the o r i g i n a l shooting 
method i s a p p l i e d . By using a reasonable number o f k 
boundary c o n d i t i o n s , i . e shor tening the s u b i n t e r v a l , the 
i n t e g r a t i o n should end before any s t a b i l i t y can occur . For 
more d i f f i c u l t problems however, the m u l t i p l e shoot ing 
method has always proved inadequate. 
For these more complicated cases, a f i n i t e d i f f e r e n c e 
method <33><34> does o f f e r a s o l u t i o n f o r i t e s t ab l i shes 
f i r m o v e r a l l c o n t r o l on the e n t i r e s o l u t i o n . The s t a b i l i t y 
problem i s l ess severe f o r t h i s method than f o r the 
shoot ing methods, and i t i s sometimes p r e f e r r e d f o r t h i s 
reason, e s p e c i a l l y f o r non l inea r problems. 
Unl ike the shooting methods, there i s no standard form 
28 
of the f i n i t e d i f f e r e n c e technique , so each problem must 
be solved i n d i v i d u a l l y . The procedure begins w i t h 
r ep l ac ing the o r i g i n a l d i f f e r e n t i a l equat ions by a l i n e a r 
a lgeb ra i c system of equat ions (AX = b) . This i s done by 
s u b d i v i d i n g the i n t e r v a l i n t o k-i s u b i n t e r v a l s (not 
n e c e s s a r i l y equal) and by r ep lac ing the d e r i v a t i v e s o f the 
o r i g i n a l d i f f e r e n t i a l equations w i t h approximate f i n i t e 
d i f f e r e n c e equa t ions . This i s o f t e n r e f e r r e d to as the 
d i s c r e t i z a t i o n procedure . I f the problem i s n o n l i n e a r , the 
nonl inear terms must be l i n e a r i z e d in some f a s h i o n , and 
i n i t i a l est imate must be made f o r a l l v a r i a b l e s a t a l l 
s u b i n t e r v a l s . F i n a l l y , the l i n e a r a lgebra ic system of 
equat ions i s formed as a m a t r i x and solved by any o f the 
methods o f s o l v i n g l i n e a r simultaneous equa t ions . <29> 
<39> For non l inear cases, an i n i t i a l est imate and a 
successive approximat ion method must be used. The m a t r i x A 
must be formed dur ing each i t e r a t i o n and the process i s 
cont inued u n t i l the s o l u t i o n converges to an acceptable 
accuracy. 
To summarise, the method f o r s o l v i n g a non l inea r 
boundary-value problem i s as f o l l o w s : <33> 
1) Subdivide the i n t e r v a l i n t o k-1 s u b i n t e r v a l s . 
2) D i s c r e t i z e the d i f f e r e n t i a l equat ion i n t o f i n i t e 
d i f f e r e n c e e q u a t i o n . 
3) L inea r i ze the e q u a t i o n . 
4) Make the i n i t i a l e s t i m a t i o n s . 
5) Using the e s t i m a t i o n s , generate the elements o f the 
l i n e a r i z e d a lgebra ic equations 
A X = b 
29 
6) Solve the l i n e a r system of equa t ions . 
7) Modify the s o l u t i o n w i t h the previous s o l u t i o n to 
o b t a i n b e t t e r e s t ima te s . 
8) Return to s tep 5) u n t i l convergence i s achieved . 
I t can be seen from the above tha t the two main 
problems met i n the s o l u t i o n are d i s c r e t i z a t i o n and 
l i n e a r i z a t i o n , so some basic procedures i n v o l v i n g these 
w i l l be set out i n order to develop a lgo r i t hms f o r our 
p rob l ems. 
3.2 F i n i t e d i f f e r e n c e approx imat ions f o r der i v a t i v e s . 
The purpose o f d i s c r e t i z a t i o n i s to t rans form a 
d i f f e r e n t i a l equat ion i n t o a d i f f e r e n c e equat ion which can 
be arranged as a system of a lgeb ra i c equat ions s u i t a b l e f o r 
d i g i t a l computer s o l u t i o n . The basic approximat ion 
invo lves the replacement o f a cont inuous domain by a mesh 
or g r i d o f d i s c r e t e po in t s w i t h i n the domain, and the 
replacement o f d e r i v a t i v e s by f i n i t e d i f f e r e n c e 
approx i m a t i o n s . 
In so lv ing the two-dimensional boundary-value problem 
in a domain D as shown i n F i g . 3.1 s u b j e c t to domain 
boundary c o n d i t i o n s . 
T a y l o r ' s s e r i e s f o r u(x±Ax,y) about ( x , y ) g ives 
<35> 
L U = f ( u ) u = u ( x , y ) (3 .1 ) 
( x , y ) ± A x 3 u ( x , y ) + ( A x ) 2a_u(x ,y ) U ( X ± A X ,y) u 
ax ax 
±(Ax) 3 a _ u ( x , y ) + 0 [ ( A X ) 4 ] 
ax 
3 
(3 .2 ) 
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Figure 3 .1 
Let the p o i n t s form a d i s c r e t e approximat ion 
f o r D, and evaluate the d e r i v a t i v e a t p o i n t ( x , y ) where 
* i = i h , y j = j k 
Further u ^ = u (X i , y-j ) w i l l u l t i m a t e l y be 
employed f o r the exact s o l u t i o n . 
Equation 3.2 can be w r i t t e n , as 
u(x+Ax,y) - u ( x , y ) = Ax 3 u ( x , y ) + o [ ( A x 2 ) ] 
ax 
which,upon d i v i s i o n by A x , r e s u l t s i n the r e l a t i o n s h i p 
3u 
ax 
+ 0 ( h 2 ) 
i j (3 .3) 
S i m i l a r l y , f o r u ( x - A x , y ) , equat ion 3.2 may be 
expressed as 
3u 
ax 
\3- a2,, 
i j h J 2 a x 2 
+ 0 ( h 2 ) 
i j (3 .4 ) 
I f o n l y f i r s t order approximat ion i s 
equat ion 3.3 r e s u l t s i n the forward 
approx i m a t i o n , 
cons ide red , 
d i f f e r e n c e 
ax 
. . = i ( u i + 1 j - U i j ) + 0 ( h ) 
l ] h 
(3 .5) 
w i t h equat ion 3.4 p r o v i d i n g the backward d i f f e r e n c e 
approx ima t ion 
3u 
8x 
= l ( " i j - u i _ l f j ) + 0(h) (3 .6) 
For a second order app rox ima t ion , adding equations 3.3 
and 3.4 , r e s u l t s i n the c e n t r a l d i f f e r e n c e 
approx i m a t i o n . 
3u 
dx l j
a
2 - J ( U i + l l j - u i - l , j ) + ° ( h } 
Adding the two poss ib le forms o f the o r i g i n a l expansion 
equat ion 3.2 , we f i n d 
2 
u (x+Ax ,y )+u(x -Ax ,y ) = 2u ( x ,y) + (Ax) 2§__y + 0 ( h 4 ) 
3x' 
or 
al_u 
ax 2 i j h ^ i - 1 ' j " 2 U i 3 + U i + 1 ' 3 ) + 0 ( h 4 ) (3 .7 ) 
3 . 2 . 1 Higher - order approximat ion 
In some problems, h igher accuracy o f the approximat ion 
f o r the second d e r i v a t i v e may be r e q u i r e d . An a l t e r n a t i v e 
approach i s to use the f o u r t h order Cowe l l ' s method <36> 
suggested by K l o p f e n s t e i n and Wu <37>. In the 
approximat ion o f 
L 2 u = f ( u ) 
u = u ( x , y ) 
we o b t a i n 
u. . - 2 U . . + U . , . B f . , .+ B f . . + B f . , . 
1-1,3 13 1+1/3= o 1-1,3 1 13 2 1+1,3 
h2 
i = 1,2, N 
When BQ = 1/12, & 1 = 10/12 and B 2 = 1/12, 
the equat ion then becomes 
u . - 2 u . . + u . .= ( h 2 / i 2 ) f . . + 1 0 f . . + f . 1 - 1 , 3 13 i + l r D 1-1/3 i j 1+1/ 
] (3 .8) 
3 .2 .2 V a r i a b l e mesh d i s t r i b u t i o n 
The d i s c r e t i z a t i o n s teps ize h i s one o f the impor tan t 
parameters which c o n t r o l the s t a b i l i t y and d i s c r e t i z a t i o n 
e r r o r o f the system. In the r eg ion where abruptness o f the 
f u n c t i o n occu r s , a f i n e mesh d i s t r i b u t i o n i s necessary. I t 
seems to be redundant i n the reg ion where the f u n c t i o n 
changes s l o w l y . Thus a v a r i a b l e mesh d i s t r i b u t i o n i s o f t e n 
d e s i r a b l e . 
Consider a v a r i a b l e mesh d i s t r i b u t i o n o f F i g . 3.2 
w i t h the mesh spacing a t p o i n t i 
h i = x 
o 
i+1 - x 
K — • — — >i 
1-1/2 
X 
y J - l 
1-1 
1-1 
Figure 3.2 
By using the c e n t r a l d i f f e r e n c e approximat ion w i t h the 
c e n t r a l d i f f e r e n c e o p e r a t o r , 6 d e f i n e d as <35> 
= Vn+1/2 " v n - l / 2 
a second d e r i v a t i v e o f a f u n c t i o n y = f ( x ) can be obta ined 
At a mesh p o i n t i we have 
d2y 
d x 2 
s 2 y ; 
x = * i ( h i + h i . ^ / 2 
or 
S y i + l / 2 - 6 v i - l / 2 
h i - l 
(h i + h i _ 1 ) / 2 
d 2 y 
d x 2 x= x 
. y . , + b . y . + c . y 
i ' i + 1 
( h i + h i _ 1 ) / 2 
where 
; i • l / h i 
b . = _ a i - C i 
=- ( h i + h i . ^ / C h i h i . i ) 
3.3 Picard and Newton l i n e a r i z a t i o n . 
When s o l v i n g a system o f non l inea r a lgebra ic 
equa t ions , i t i s customary to l i n e a r i z e the equat ions and 
then employ a successive approximat ion method f o r s o l v i n g 
simultaneous equa t ions . As an example, consider a set o f 
non l inea r a lgebra ic equa t ions . 
= 9 i ( x ) 
= q i ( , x 2 , . . . , x R ) = o 
i = 1 , 2 , . . . , N R - N (3.9) 
A simple and s t r a i g h t forward method used to l i n e a r i z e 
the equations i s P i c a r d ' s i t e r a t i o n which in t roduces a 
sequence { x ( k ) | such t h a t g ( x ( k ) ) s a t i s f i e s the 
same boundary c o n d i t i o n s as f ( x ) , and k i s the i t e r a t i v e 
i ndex . We t h e r e f o r e o b t a i n the l i n e a r i z e d form of 
equat ion 3.8 as 
g ( x ( k + 1 > ) - g ( x ( k > ) = 0 
When the sequence | x ( k ) j converges, the convergence i s 
l i n e a r i . e 
X ( k + D - x = 0 ( x ( k ) - x) 
as k —> oo 
However i f g(x) i s d i f f e r e n t i a b l e , i . e , s a t i s f i e s the 
L i p s c h i t z ' s c o n d i t i o n , the R-dimensional Newton's method 
can be used to l i n e a r i z e the equa t ions . This replaces the 
approximat ion x ( k ) i n the s o l u t i o n by the approximat ion 
x ( k + l ) = x ( k ) + g(k) 
(3.10) 
By t ak ing account o f the f i r s t order terms i n the 
T a y l o r ' s s e r i e s expansion o f g^(x) about x = x ^ / 
the l i n e a r i z e d system of equat ion 3.9 becomes <36> 
( k ) 
(—1 3 v 
l 6 ( k > 
3.1 ^ D 
= 0 
1,2, 
or in ma t r ix form 
g (x< k> + G ( x ( k ) ) § ( k ) = 0 
(3.11) 
Where G(x^ k M i s a d iagonal j a c o b i a n m a t r i x , having an 
e l ement 
1 3 a x j k ) 
(3.12) 
which may be c a l c u l a t e d by d i r e c t d i f f e r e n t i a t i o n o f the 
expressions f o r qi . i f these are ve ry compl i ca t ed , i t 
may however be easier to es t imate the d e r i v a t i v e by 
c a l c u l a t i n g <39> 
or 
, - 1 
, - 1 
9 i ( x 1 , . . f X j _ l f X j + h # x ^ + 1 , . • , x R ) - g . ( x x , . . , x R ) 
g . ( x , , . . ,x . , , x . + h , x . , , . . , x „ ) 
l D - l D D+l R 
g . ( x l f . . f x j _ l f x j - h , x j + 1 , . . , x R ) 
I f G i s s i n g u l a r then 6 may be i n f i n i t e , but i f G i s 
non-s ingu la r a b e t t e r approximat ion f o r equat ion 3.10 can 
be o b t a i n e d . This r e s u l t s i n a sequence | x ^ k ^ | which 
i s u s u a l l y q u a d r a t i c a l l y convergent , i . e , 
x ( k + l ) _ * ( k ) = 0 ( ( x < k ) - x ) 2) 
as k > oo (3.13) 
This method sometimes f a i l s to converge i f x ( k ) i s 
not a good approximat ion f o r the s o l u t i o n o f the system and 
t h e r e f o r e some m o d i f i c a t i o n may be r e q u i r e d . A common 
s t r a t e g y i s to in t roduce a damping or r e l a x a t i o n f a c t o r w, 
and replace equat ion 3.10 by 
x ( k + l ) = x ( k ) + w ( k ) B ( k ) 
(3.14) 
Where w i s c a l c u l a t e d to prevent the approximated 
x ( k + l ) f r o m being worse than the approximated x ( k ) . 
The choice between the P i c a r d ' s and Newton's methods i s 
f i n a l l y determined by whether one chooses the l i n e a r l y 
convergent scheme or the quad r a t i c a l 1 y convergent scheme 
w i t h e x t r a computat ion i n the e v a l u a t i o n o f d e r i v a t i v e 
terms. This comparison has been discussed i n re fe rences 
<40> and <41> 
3.4 Thermal e q u i l i b r i u m and reverse b ias s o l u t i o n . 
In order to i l l u s t r a t e the use o f the f i n i t e 
d i f f e r e n c e method f o r the s o l u t i o n o f a non l inea r 
boundary-value problem, a semiconductor device under 
thermal e q u i l i b r i u m reverse b ias c o n d i t i o n s w i t h n e g l i g i b l e 
c u r r e n t f l o w i s i n v e s t i g a t e d . From chapter 2 , w i t h these 
c o n d i t i o n s , the system equat ions reduce to on ly Poisson 
equat ion 
d l y = n _ p _ N 
d x 2 (3.15) 
Boltzman r e l a t i o n then g i v e s the normalized c a r r i e r s 
d e n s i t i e s . 
N = exp (v) 
p = exp (-v) 
There fore Poisson equat ion can also be w r i t t e n as 
d^V = 2s inh V - N 
d x 2 (3.16) 
D i s c r e t i z a t i o n . 
Using the c e n t r a l d i f f e r e n c e f i n i t e app rox ima t ion , 
equat ion 3.115 becomes 
(3.17) 
v i + l - 2 v i + v i - l = c s i n h v i + D N i 
i = 1 , 2 , N 
Where 
C = 2 h 2 
D = - h 2 
o r , i n m a t r i x form 
A V = f (V) + b (3.18) 
Where 
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A = 
•2 1 
1 -2 1 
1 -2 
1 -2 1 
1 -2 
V = 
V, 
V K l - l 
f ( V ) = 
C s i nh V 1 
C s i n h V 2 
C s inh V 
C s i n h V, 
N-1 
b = 
° N 1 " v o 
DN„ 
DN N - i 
D N N " V l 
I f Cowe l l ' s method from equat ion 3.8 i s employed, 
equat ion 3.17 becomes 
A V = B . f ( V ) + b (3.19) 
where 
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B =1/12 
10 1 
1 1 0 1 
1 10 
1 1 0 1 
1 10 
; f ( V ) = 
C s inh V : + DN 1 
C s inh V 2 + DN2 
C s i n h V +DN 
C s inh VN + DNN 
b = 
(1 /12) (C s i nh V 0 + DN 0 ) - V 0 
0 
0 
(1/12) (C s i nh V N + 1 + D N N + 1 ) - V N n 
L i n e a r i za txon . 
Applying Newton's method to l i n e a r i z e equat ion 3.18 
Let 
g(v) = A V - f ( v ) - b (3.20) 
and 
V ( k + D = v ( k ) + s ( k ) 
(3.21) 
L inea r i zed equat ion 3.18 can be w r i t t e n i n the form 
of equat ion 3.11 as 
[A V < k ) - f ( v ( k ) ) - b ] + [ A - F ( y ( k ) ) ] & ( k > = 0 
or 
(k) , (k+1) e (k) (k) (k) [A-F(V ) ] V ' = f ( V ) + b - F(V )V ' 
~ ~ ~ ~ ~ (3.22) 
Where F(y) i s the j acob ian m a t r i x of f ( v ) 
When the m o d i f i e d Newton's method as i n equat ion 3.14 
i s employed, equa t ion 3.21 can be replaced by 
v ( k + l ) = v ( k + l ) + w ( k ) g ( k ) 
(3.23) 
and the l i n e a r i z e d equat ion becomes 
(k) , (k+1) . (k) fk) (k) 
1 A-F(V ' ) V =f (V ' )+b+ 1 F ( V ; ) V '+ 
~ (k ) ~ ~ ~ ~ ~ ( k T ~ 
w w 
1. A -A 
~(lc) ~ w 
V 
(k) 
S i m i l a r l y w i t h equat ion 3.21 the l i n e a r i z e d 
equat ion 3.19 can be w r i t t e n as 
(k) , (k+1) . (k) (k) ( k ) , 
A-B.F(V ) VV = B [ f ( V V ' ) - F ( V V ' ) V ] + b 
~ ~ ~ ~ ~ ~ ~ ~* (3.25) 
F i n a l l y , i t i s seen t h a t equat ions 3 .22,3.24 and 3.25 
can be rearranged i n t o the same form as 
. ( k ) ( k + n (k) ( k + l ) (k) ( k + l ) _ (k) 
" T . i - 1 T. i T. i + 1 T. (3.26) 
i = 1,2, 
Where 
A ( k ) f B ( k ) 
and are determined from 
the associated m a t r i x equa t ions , and the t r i d i a g o n a l 
s t r u c t u r e i s p reserved . 
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3 . 4 . 1 A p p l i c a t i o n to Schot tky b a r r i e r s diodes; 
The model used i n t h i s example i s the Schottky b a r r i e r 
diode shown in F i g . 3.3 . The phys i ca l parameters o f the 
diode are as f o l l o w s : 
metal (GOLD) ohmic c o n t a c t 
St (n - type ) Y-
" O v a p p 
Figure 3.3 
Metal : Gold 
Semiconductor : n- type s i l i c o n 
Vacuum work f u n c t i o n o f metal 0^ = 4.70 eV 
Vacuum work f u n c t i o n o f semiconductor ^ s = 5.15 eV 
Semiconductor band-gap energy Eg = 1.11 eV 
I n t r i n s i c c a r r i e r d e n s i t y = 1 0 1 0 cm~3 
Device l e n g t h = 1 micron 
The boundary c o n d i t i o n f o r equa t ion 3.15 a t the metal 
con tac t i s g iven by 
V o = (/M- /S> + ' V 2 1 + V a P P ( 3 > 2 7 ) 
where V Q i s the sur face p o t e n t i a l a t the metal 
contac t . 
I f ohmic c o n d i t i o n s are assumed at the semiconductor 
c o n t a c t , the other boundary c o n d i t i o n can be determined 
from i t s thermal e q u i l i b r i u m p o t e n t i a l . By using the 
e l e c t r i c a l n e u t r a l i t y c o n d i t i o n , i . e , 
d 2 V 
d x 2 
= e v - e~v - N = 0 
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we o b t a i n 
V(x) = ± I ln (N + ( N 2 + 4 ) 1 / 2 ) I 
| 2 2 I (3.28) 
Where the plus minus s ign r e f e r s to n- type and p-type 
doping r e s p e c t i v e l y . Equation 3.28 provides a lso an 
i n i t i a l approximat ion f o r beginning the i t e r a t i o n . 
A computer subrout ine "COWELL" was w r i t t e n to evaluate 
equa t ion 3.18 based on the Cowe l l ' s method of 
equat ion 3.25, which uses the m o d i f i e d Newton's method of 
equa t ion 3.24 as the prelude f o r each s o l u t i o n . 
The s o l u t i o n a t thermal e q u i l i b r i u m and f o r va r i ous 
va lues o f the reverse b ias were obtained s u c c e s s f u l l y . For 
h igh reverse b i a s , the m i n o r i t y c a r r i e r d e n s i t y term was 
neglected to avoid u n d e r f l o w . 
For example, consider a cons tan t doping p r o f i l e diode 
w i t h N = 1 0 1 5 c m - 3 . F i g . 3.4 shows the 
e l e c t r o s t a t i c p o t e n t i a l from the thermal e q u i l i b r i u m 
c o n d i t i o n to - 2 . 0 V o l t . reverse b i a s . The m a j o r i t y 
c a r r i e r d i s t r i b u t i o n can be determined and i s dep ic ted i n 
F i g . 3 .5 . By assuming the v a l i d i t y o f the d e p l e t i o n 
app rox ima t ion , the b a r r i e r p o t e n t i a l obtained from F i g . 3.4 
i s used to c a l c u l a t e the capaci tance C. F i g . 3.6 shows a 
p l o t o f C and 1/C 2 aga ins t b i a s . I t can be seen t h a t 
the v a r i a t i o n o f 1/C 2 i s l i n e a r and the i n t e r c e p t g i v e s 
the b a r r i e r p o t e n t i a l as p red ic t ed from simple t h e o r y . 
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For an a r b i t r a r y doping p r o f i l e d i o d e , w i t h the doping 
d e n s i t y g iven by Wu <38> 
N(x) = 1 0 1 4 + N m a x e x p 
where 
Nmax - 5 . 0 X 1 0 1 6 
R„ = 0 . 2 5 x l 0 ~ 4 cm. 
c 
A R p = 0 . 0 6 x l 0 ~ 4 cm. 
The r e s u l t i n g e l e c t r o s t a t i c p o t e n t i a l and the m a j o r i t y 
c a r r i e r d i s t r i b u t i o n are shown i n F i g s . 3.7 and 3.8 
r e s p e c t i v e l y . 
These examples show t h a t the method does not o n l y 
p rov ide i n f o r m a t i o n about the i n t e r n a l behaviour o f the 
d iodes , but a lso a l lows any a r b i t r a r y p r o f i l e diode to be 
i n v e s t i g a t e d where the c l a s s i c a l a n a l y t i c a l methods would 
become i m p r a c t i c a l . 
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Chapter 4 
Time-Independent Model l ing o f J u n c t i o n Devices . 
I n t h i s chap te r , an a l g o r i t h m f o r dc-s teady s t a t e 
mode l l ing i s developed. This w i l l be used to study the 
s t a t i c behaviour o f p-n j u n c t i o n diodes under both forward 
and reverse b i a s . A prime i n t e r e s t i s to i n v e s t i g a t e the 
e f f e c t o f the m i n o r i t y c a r r i e r l i f e t i m e on the diode 
c h a r a c t e r i s t i c s . F i n a l l y , a method i s developed f o r 
analys ing a simple c i r c u i t using the diode under 
c o n s i d e r a t i o n . 
The technique i n i t i a l l y used was based on C a l z o l a r i ' s 
a l g o r i t h m <13>. The scheme employed the p ica rd i t e r a t i o n 
w i t h the c o n t i n u i t y equa t ions , and c a l c u l a t e d the 
p e r t u b a t i o n o f the e l e c t r o s t a t i c p o t e n t i a l from the Poisson 
e q u a t i o n . I t was found t h a t the s o l u t i o n s became 
i n c o n s i s t e n t under higher i n j e c t i o n l e v e l c o n d i t i o n s , and 
t h e r e f o r e an ex t r a t e s t f o r cons i s tency was r e q u i r e d . 
An a l t e r n a t i v e method to overcome t h i s problem can be 
developed by app ly ing the R-diment ional Newton a l g o r i t h m 
( chapter 3) to the Poisson e q u a t i o n . The e l e c t r o s t a t i c 
p o t e n t i a l i s c a l c u l a t e d d i r e c t l y ra the r than i t s 
p e r t u b a t i o n . This method has advantages not o n l y i n terms 
o f s t a b i l i t y , but a lso in terms o f s i m p l i c i t y . I t can be 
extended to e i t h e r a two-dimensional case or to t r a n s i e n t 
a n a l y s i s , and i s economical in the use o f computa t ional 
t i m e . 
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4.1 Formula t ion o f the system equa t ions . 
In dc-s teady s t a t e a n a l y s i s , the t ime dependent terms 
i n the system equat ions v a n i s h . i t i s t h e r e f o r e more 
convenient to rearrange the normal ized system equat ions 
developed i n chapter 2 i n t o the f o r m : 
av 
3X 
p i l l + ap ax 
(4 .1) 
J n = "n n av _ an 
dx dx 
(4 .2) 
! £ p = U. 
3x 1 
(4 .3) 
and 
§£n = -u 
dx 
a 2v 
ax2 
n 
= n - p - N 
(4 .4) 
(4.5) 
where , i n t h i s case, the no rma l i z ing f a c t o r f o r J p and 
J n becomes ( -q DQn^/LQ) 
For ease o f computa t ion , l e t and 0n to be 
the hole and e l e c t r o n quasi-Fermi p o t e n t i a l s r e s p e c t i v e l y , 
We can t h e r e f o r e w r i t e 
.-V (4 .6) 
(4 .7) 
Equation 4.6 may be w r i t t e n as 
By d i f f e r e n t i a t i o n 
V f p = e V §P + p §Y e V 
dx dx 3x 
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= evfap + p ay ] 
Lax ax j 
or 
ax p
 ay + a_p 
dx dx 
The re fo r e , equat ion 4 . 1 can be w r i t t e n as 
, -v a/n 
S i m i l a r l y , 
J = -u e V 
ax 
(4 .8 ) 
(4 .9) 
By s u b s t i t u t i n g equat ions 4.8 and 4.9 i n t o 
equations 4.3 and 4.4 r e s p e c t i v e l y , and l e t t i n g 
Up = u n = U we f i n a l l y o b t a i n 
a_ 
dx 
H ax = u (4.10) 
a_ 
ax ax •n« 
= U 
(4 .11) 
4.2 D i s c r e t i z a t i o n o f the system equa t ions . 
a) The Poisson equat ion 
Take the equat ion 
a^ y = n - p - N 
ax 2 
(4.5) 
By a p p l i c a t i o n o f the f i n i t e d i f f e r e n c e approximat ion the 
d i f f e r e n t i a l equat ion i s d i s c r e t i z e d i n t o a d i f f e r e n c e 
e q u a t i o n . I f the v a r i a b l e mesh scheme i s chosen, we can 
w r i t e a t the mesh p o i n t x ^ , 
a.V. + b . V . + c . V . i i - 1 i 1 1 1 + I = n. - p. - N. i r i 1 
( h i + 
or 
a i V i - l + b i V i + c i V i + l = 9 i ( n i ' p i " N i > 
i = 1,2, 
Where 
a i = l / ( h i - i ) 
C i = 1 / h i 
b . = - a . - c . = - ( h . + h . , ) / ( h . h . , ) l l i l l - l l l - l 
9 i = ( h i + h i _ 1 ) / 2 
b) The c o n t i n u i t y equat ions, 
(4.12) 
From the equat ion 4.10 
3_ 
dx 
u p e 
-V 3/. 
ax = u (4.10) 
which i s i n the s e l f - a d j o i n t f o r m , the same d i s c r e t i z a t i o n 
procedure can also be a p p l i e d . For conven ien t , l e t us 
wr i te 
-V 
S P " *P e 
a t the mesh p o i n t x ^ , the approximated equat ion i s 
obtained as 
S i + l / 2 
h . 1 i - 1 = U 
( h i - l + h i ) / 2 
becoming 
h i - 1 < h i - l + h l ' / 2 
(s . , .„h. ,+ s. , / # % h . ) / 1+1/2 l - l 1-1/2 i Pi 
h . h . ( h . + h . ) / 2 i l - l l - l i 
( S i + l / 2 ^ p 
i+1 
h i ( h i _ 1 + h i ) / 2 
or 
a.of + b + c = d 
1 P i - i i Pi i P i + l i 
where a 4 = ( S l _ 1 / 2 ) / h U l 
c i = ( s i + l / 2 ) / h i 
- a i " c i 
= - ( s i + l / 2 ) h i - l + ( s i - l / 2 > h i 
n i " i - l 
d 4 = U i ( h i + h i _ 1 ) / 2 
Since 
H i + l / 2 H i H i + 1 
and 
e ~ v i + l / 2 = e ~ ( v i + v i + l ) / 2 
hence 
' i ± l / 2 ~ F i p i ± l i e 
By using the re la t i on in equation 4 . 6 , equation 4.13 can 
be written in terms of the vector p as 
v i - l v i v i + l a.e p. ,+ b.e p.+ c.e p. , = d. 1 l - l i l l l+ l l 
o r , in the form 
A p . + B p .+ C p . = D (4.14) 
Pi i - l Pi i Pi i+1 Pi K 1 
where, in t h i s case 
A p.= a i ^ 1 
( V i - l " v i ) / 2 
2 h . _ 1 H i p i - l 
'p . -C„ = C i e
V i + l 
( V i + 1 - V i ) / 2 
2h. H i H i + 1 
B p . b i e V i 
< V V i - l ) / 2 , . . ( V i - V i + l ) / 2 
2 h i _ 1 p i F i - i 2hi F i p i + l 
D
p . = U i ( h i + h i _ 1 ) / 2 
S i m i l a r l y , the d i s cre t i zed form of equation 4.10 can 
be derived at the mesh point x. as 
A n + B n + C n = D (4.15) 
n ^ i - i n j . i n j_ 1+1 n ^ 
where 
( V i - V i - i ) / 2 
V 2 - ^ u V U n i - i ) e 
( V i - V i + i ) / 2 
C n . = - I ( « n . + « n . J e 
i 2 h i i 1+1 
( v i - r V / 2 , , , ( v i + r v i ) / 2 
B n L ( « n . + u n . )e . 1 < V + V )e 
1 2 h i - i i i - l 2hi I l + l 
D
n i = U i f h i + h i . i J / Z 
4.3 L i n e a r i z a t i o n o f the system equa t ions , 
a) The Poisson equa t ion . 
The non l inea r a lgebra ic equat ion 4.12 can be 
l i n e a r i z e d by using the R-diment ional Newton's method, 
"<* ,k>> % 
i = 1,2, N 
where i n t h i s case, s£ k ) i s denoted by 
v ( k + l ) = v ( k ) + 6 ( k ) r r r 
and 
g . ( V . , , V , V . , ) = a.V. ,+ b .V .+ c .V. - 9 . ( n . - p . - N.) I l - l l + l l l - l i i l l + l l l l I 
There fo r e , the l i n e a r i z e d form of equat ion 4.3 can be 
w r i t t e n a s 
0 = 
J k ) ( k ) K ( k ) „ ( k ) ( k ) ( k ) ( k ) ( k ) ( k ) 
a i v i - i + b i v i + c i v i + i ~ e i < n i " P i ~ N i 
( k ) , ( k + l ) ( k ) ( k ) ( k ) ( k ) 
b i " e i < n i + P i > 
( k + 1 ) ( k ) 
+ c ! k , ( v ! k + 1 ) - v . ( k ) > 
o r 
( k ) ( k + l ) 
i v i - l + 
( k ) ( k ) ( k ) 
i . - Q i ( n i + p A ) 
( k + l ) ( k ) ( k + l ) 
v i + c i v i + l 
- 0 4 („{•<>- p ^ - M j V ( n < k > + P { k ) ) v [ k ) 
a n d f i n a l l y i n t h e f o r m 
4 . 1 6 ) 
w h e r e 
( k ) ( k ) 
a 
( k ) k ) 
( k ) ( k ) ( k ) ( k ) 
01(1-4 + P i B 
( k ) ( k ) ( k ) ( k ) ( k ) ( k ) ( k ) 
- ( n V 9,- ( n N D + P 
5 2 
b ) T h e c o n t i n u i t y e q u a t i o n s . 
F o r t h e c o n t i n u i t y e q u a t i o n s 4 . 9 a n d 4 . 1 0 , t h e s ame 
l i n e a r i z a t i o n p r o c e d u r e a s i n a ) c o u l d b e a p p l i e d . H o w e v e r 
t h i s i s n o t n e c e s s a r y . I f t h e p i c a r d - l i k e i t e r a t i o n i s 
e m p l o y e d w h e n d e a l i n g w i t h t h e g e n e r a t i o n - r e c o m b i n a t i o n 
t e r m U ( x ) , t h e e q u a t i o n s b e c o m e l i n e a r i n t h e c o n t e x t o f 
t h e i t e r a t i o n l o o p < 1 3 > . T h e l i n e a r i z e d f o r m o f 
e q u a t i o n s 4 . 1 5 a n d 4 . 1 6 c a n t h e r e f o r e b e w r i t t e n d i r e c t l y 
a s 
( k ) ( k + l ) ( k ) ( k + 1 ) ( k ) ( k + i ) ( k ) 
A p . p i - l + B p . p i + C p . p i + l " D p . ( 4 ' 1 7 ) 
* i * i * i r i 
a n d 
( k ) ( k + l ) R ( k ) ( k + l ) ( k ) ( k + l ) _ ( k ) 
A n . n i - l + B n . n i + C n . n i + l = D n . ( 4 ' 1 8 ) 
4 . 4 C o m p u t a t i o n a l a l g o r i t h m . 
4 . 4 . 1 M a t r i x f o r m u l a t i o n 
T h e s y s t e m e q u a t i o n s a r e n o w i n t h e f o r m o f s e t s o f 
l i n e a r a l g e b r a i c e q u a t i o n s a s i n e q u a t i o n s 4 . 1 6 4 . 1 7 
a n d 4 . 1 8 a n d a n y s u c c e s s i v e a p p r o x i m a t i o n m e t h o d c a n b e 
a p p l i e d t o o b t a i n t h e s o l u t i o n s . T h e p r e s e n c e o f c o u p l i n g 
b e t w e e n t h e p a r a m e t e r s r e q u i r e s t h a t t h e s e e q u a t i o n s m u s t 
b e s o l v e d s i m u l t a n e o u s l y a t e a c h m e s h p o i n t . T h i s r e s u l t s 
i n a b l o c k m a t r i x o f t h e f o r m 
o 
0 B 0 
a 
n n 
0 B 
v/ l 
o 
D 
N D n 
v v i - l i - i 
8 U N n 
v 
N n 
v i * i 
H o w e v e r , f o r c o n v e n i e n c e , a n a p p r o x i m a t i o n c a n b e m a d e 
t o p e r m i t e a c h s e t o f e q u a t i o n s t o b e s o l v e d s e p a r a t e l y . 
T h i s r e q u i r e s s e t t i n g < 1 8 > 
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( k + l ) ( k ) . ( k + l ) ( k ) . , , . * ( k + l ) 
n = n a n d V = V i n t h e c a l c u l a t i o n f o r p 
( k + l ) ( k ) ( k + l ) ( k ) ( k + l ) 
V = V a n d p = p i n t h e c a l c u l a t i o n f o r n 
( k + l ) ( k ) ( k + l ) ( k ) . ( k + l ) 
p = p a n d n = n i n t h e c a l c u l a t i o n f o r V 
T h i s m e t h o d w h i c h i n v o l v e s s o l v i n g t h e t r i d i a g o n a l 
m a t r i x s y s t e m d o e s n o t i m p a i r t h e c o u p l i n g p r o p e r t y b e c a u s e 
t h e i n f l u e n c e o f e a c h p a r a m e t e r o n t h e o t h e r s s t i l l e x i s t s 
b y w a y o f t h e p r e v i o u s i t e r a t i o n c y c l e k . F o r p , t h e 
s y s t e m i s 
B P 2 ^P2 
o 
B P N - 1 G P N - i 
B 
P i 
P 2 
• 
P|M-J 
P N 
D
P l " A P l P 0 
° P 2 
D N - l 
D p N " C, 
a n d s i m i l a r m a t r i c e f o r n a n d V . 
T h e t r i d i a g o n a l m a t r i x c a n b e i n v e r t e d b y t h e a l g o r i t h m 
g i v e n i n A p p e n d i x A , u s i n g t h e f o l l o w i n g b o u n d a r y 
c o n d i t i o n s d i s c u s s e d i n c h a p t e r 2 , 
Po - Poo - e - V * q ( ° > 
P , - D - e " v e q ( L ) H N + 1 " P L O - E 4 
n = n = e V e q ( ° > o o o ^ 
n N + l - " L o - e V e q < L ) 
V o = V e q ( 0 ) + V a p p l i e d 
V N + 1 = V e q ( L ) 
w h e r e s u b s c r i p t e q d e n o t e s t h e v a l u e s a t t h e r m a l 
e q u i l i b r i u m , and L i s the l e n g t h o f d e v i c e as s h o w n i n F i g . 2 . 3 . 
4 . 4 . 2 T h e i t e r a t i v e s c h e m e 
A f t e r t h e p h y s i c a l p a r a m e t e r s o f t h e d e v i c e h a v e b e e n 
s p e c i f i e d , t h e i t e r a t i v e s c h e m e f o r t h e s o l u t i o n s m a y b e g i n 
w i t h t h e t r i a l a p p r o x i m a t i o n s f o r p , n , a n d v . T h e s e 
q u a n t i t i e s c a n b e o b t a i n e d f r o m t h e s o l u t i o n s a t T h e r m a l 
e q u i l i b r i u m d e s c r i b e d i n c h a p t e r 3 . T h e n t h e i t e r a t i o n m a y 
s t a t e d a n d t h e c y c l e f o l l o w e d u n t i l t h e s o l u t i o n s c o n v e r g e 
t o t h e d e s i r e d a c c u r a c y . T h e i t e r a t i o n s c h e m e i s g i v e n a s 
a f l o w d i a g r a m i n F i g . 4 . 1 
I n o r d e r t o s t o p t h e i t e r a t i o n , a t e s t f o r c o n v e r g e n c e 
m u s t b e p e r f o r m e d . T h e s o l u t i o n is a c c e p t a b l e w h e n t h e 
c o n d i t i o n 
m a x | V i < k + 1 > - V j W I < € 
i s s a t i s f i e d . 
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START 
S P E C I F Y THE PARAMETERS 
SOLVE THE THERMAL E Q U I L I B R I U M 
S O L U T I O N TO O B T A I N THE 
I N I T I A L E S T I M A T I O N . 
C A L C U L A T E THI 
RATE 
2 R E C O M B I N A T I O N 
U ( X ) 
SOLVE THE T R I D I A G O N A L SYSTEM 
OF E Q U A T I O N 4 . 1 7 FOR P 
< 
SOLVE THE T R I D I A G O N A L SYSTEM 
OF E Q U A T I O N 4 . 1 8 FOR N 
SOLVE THE TR: 
OF EQUATION ' 
[ D I A G O N A L SYSTEM 
1 . 1 6 FOR V 
T E S T FOR 
CONVERGENCE. 
NO 
YES 
STOP 
F I G U R E 4 . 1 THE C O M P U T A T I O N A L A L G O R I T H M . 
4 . 5 C a l c u l a t i o n o f t h e c u r r e n t d e n s i t i e s 
I n t h e c a l c u l a t i o n o f t h e c u r r e n t d e n s i t i e s , a d i r e c t 
m e t h o d m a y b e u s e d t o a p p l y a s t a n d a r d d i f f e r e n c e 
a p p r o x i m a t i o n t o o b t a i n t h e d i f f e r e n t i a t e d t e r m s i n t h e 
e q u a t i o n s 4 . 1 a n d 4 . 2 . T h e c u r r e n t d e n s i t i e s c a n b e 
d e t e r m i n e d b y u s i n g t h e v ( x ) , p ( x ) a n d n ( x ) o b t a i n e d f r o m 
t h e i t e r a t i o n . H o w e v e r , i n o u r c a s e , t h i s m e t h o d w a s n o t 
s u c c e s s f u l b e c a u s e o f t r u n c a t i o n e r r o r i n d e a l i n g w i t h t h e 
t w o n e a r l y e q u a l b u t o p p o s i t e l a r g e q u a n t i t i e s i n t h e 
t r a n s i t i o n r e g i o n . T h e s e c o r r e s p o n d t o t h e d r i f t a n d 
d i f f u s i o n c u r r e n t i n t h e s i m p l e m o d e l o f t h e p - n j u n c t i o n . 
An a l t e r n a t i v e m e t h o d i s t o e m p l o y t h e De M a r i a n a l y t i c a l 
s c h e m e < 1 1 > , b y t r e a t i n g e q u a t i o n s 4 . 1 a n d 4 . 2 a s t w o 
i n d e p e n d e n t f i r s t o r d e r l i r v e a r d i f f e r e n t i a l e q u a t i o n s i n 
t h e u n k n o w n s p ( x ) a n d n ( x ) r e s p e c t i v e l y . 
T h u s e q u a t i o n 4 . 1 m a y b e w r i t t e n a s 
d p ( x ) + d y . p ( x ) = £ p ( x ) 
d x d x w p ( X ) 
M u l t i p l y i n g b o t h s i d e s o f t h e e q u a t i o n b y a n 
i n t e g r a t i n g f a c t o r e x p ( j ( d v / d x ) d x ) we o b t a i n 
/ d v 
J d x 
y . d x 
 r 
d p ( x ) + d y . p ( x ) 
d x d x 
J P < x > . e 
d y . d x 
d x 
r d y . d x 
d x 
d i e . p ( x ) 
d x I 
f d y J d x . d x  
I n t e g r a t i n g t h e e q u a t i o n b e t w e e n X a n d L , we f i n a l l y 
n a v e 
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V ( x ) 
e . p ( x ) = ^ . p _ U ) . e V ( X ) d x ' 
p ( x ) = e 
- V ( x ) 
V x ) 
fr^e^dx'* P ( L ) e V ( L ) 
J ^ p ( x ' ) ( 4 . 1 9 ) 
S i m i l a r l y , f r o m e q u a t i o n 4 . 2 we d e r i v e 
V ( x ) J n ( x ) e" 
^ n (* ' ) 
^ ( x ) , . / . _ _ - V ( L ) 
u A T i i ( L ) e 
( 4 . 2 0 ) 
T h e c u r r e n t d e n s i t i e s c a n n o w b e c a l c u l a t e d f r o m t h e 
c o n t i n u i t y e q u a t i o n s 4 . 3 a n d 4 . 4 , i . e , 
J p ( x ) = fviA d x + K p 
J n ( x ) = - y u ( x ' ) d x + K n 
( 4 . 2 1 ) 
( 4 2 2 ) 
w h e r e t h e c o n s t a n t s K p a n d K n c a n b e o b t a i n e d b y 
s u b s t i t u t i n g e q u a t i o n s 4 . 2 1 a n d 4 . 2 2 i n t o e q u a t i o n s 4 . 1 9 
a n d 4 . 2 0 r e s p e c t i v e l y , a n d e v a l u a t i n g a t X = 0 . We t h e n 
o b t a i n 
L 
P ( 0 ) = e 
- V ( 0 ) 
,. x 
, A i - , ( x ) 
U ( x ' ) . d x ' + K p 
V ( x ) V ( L ) 
e d x + p ( L ) e 
n ( 0 ) = e 
T h e r e f o r e 
V ( 0 ) 
- J U ( x ' ) . d x + K n 
• o 
e d x + n ( L ) e 
K p -
< T v V ( L ) V ( 0 ) p ( L ) e - p ( 0 ) e 1 e 
V ( x ) 
c V ^ p ( x ) 
rL 1 V ( x ) 
1 e d x 
/ u ( x ) d x d x 
i 
K 
n 
n ( 0 ) e 
- V ( L ) 
- n ( L ) e 
V 0 
o 
1 
- V ( x ) 
U (x') dx ' d x 
f; 1 V ( X ) d x e w n < x > 
o 
4 . 6 N u m e r i c a l r e s u l t s . 
We c a n n o w a b l e t o s t u d y t h e i n t e r n a l a n d t h e t e r m i n a l 
c h a r a c t e r i s t i c s o f s o m e p - n j u n c t i o n d e v i c e s , u s i n g t h e 
c u r r e n t a l g o r i t h m d e s c r i b e d i n t h e p r e c e d i n g s e c t i o . n , 
t o g e t h e r w i t h t h e r e l e v a n t e x p r e s s i o n s s t a t e d i n c h a p t e r 2 . 
B e c a u s e we a r e i n t e r e s t e d i n l a r g e s i g n a l m o d e l i n g , we 
s h a l l c a r r y o u t i n v e s t i g a t i o n s i n b o t h f o r w a r d a n d r e v e r s e 
b i a s r e g i o n s , u n d e r l o w - l e v e l a n d h i g h - l e v e l i n j e c t i o n 
c o n d i t i o n s , a n d w i t h m o d e r a t e t o s t r o n g r e c o m b i n a t i o n . 
S u c e s s f u l s o l u t i o n s h a v e b e e n o b t a i n e d f o r a v a r i e t y o f 
d i f f e r e n t p r o f i l e s . H o w e v e r , i n t h i s s e c t i o n we s h a l l 
p r e s e n t o n l y a c o m p l e m e n t a r y e r r o r f u n c t i o n p r o f i l e d i o d e 
w i t h t h e n + - p - p + s t r u c t u r e . E m p h a s i s i s p l a c e d o n 
a c a s e o f m o d e r a t e r e c o m b i n a t i o n w h i c h m o s t p o w e r d e v i c e s 
s a t i s f y . 
A c o m p l e m e n t a r y - e r r o r f u n c t i o n p r o f i l e d i o d e . 
T h e s i l i c o n n + - p - p + d i f f u s i o n d i o d e u n d e r 
i n v e s t i g a t i o n h a s t h e i m p u r i t y p r o f i l e s h o w n i n f i g . 4 . 2 
a n d t h e f o l l o w i n g p h y s i c a l p a r a m e t e r s 
T e m p e r a t u r e 3 00 K 
D i m e n s i o n s T o t a l l e n g t h = 1 3 . 5 urn 
n + ( e r f c d i f f u s i o n ) r e g i o n = 3 urn 
p ( a b r u p t ) r e g i o n = 7 . 4 3 jum. 
A r e a = 3 . 4 8 x 1 0 - 4 cm? 
L i f e t i m e s T p Q / T n o = 1 . 0 * 1 0 - 7 s e c . 
M o b i l i t i e s s e e F i g . 2 . 1 a n d e q u a t i o n 2 . 
1/1 
8 
IB 
DC _ J 
I — I 
5 w 
I— Q_ 
ru 
J 
601*1 dOUKI QIP<1 DIM ,DIW gOUXl • IIKI 
(IN/U1ISN3Q AlIdHdUI 
F I G U R E 
4 . 6 . 1 I n t e r n a l c h a r a c t e r i s t i c s . 
4 . 6 . 1 . 1 F o r w a r d b i a s c o n d i t i o n s . 
T h e s o l u t i o n s w h i c h d e s c r i b e t h e c o m p l e t e i n t e r n a l 
c h a r a c t e r i s t i c s o f t h e d i o d e u n d e r v a r i o u s f o r w a r d b i a s 
c o n d i t i o n s a r e s h o w n i n F i g . 4 . 3 t o F i g . 4 . 9 . T h e 
s p a c e - c h a r g e d e n s i t y p l o t t e d i n F i g . 4 . 4 s h o w s t h e f a i l u r e 
o f t h e d e p l e t i o n a p p r o x i m a t i o n e v e n a t m o d e r a t e i n j e c t i o n 
l e v e l s , w h i c h s u p p o r t s t h e C o r n u a p p r o x i m a t i o n . H o w e v e r , 
t h e c o n d i t i o n o f q u a s i - e q u i l i b r i u m i s s e e n t o b e v a l i d f o r 
a n y l e v e l , i . e , t h e e l e c t r o n a n d h o l e q u a s i - F e r m i 
p o t e n t i a l s a r e c o n s t a n t t h r o u g h o u t t h e d e v i c e e x c e p t a t t h e 
o h m i c c o n t a c t s w h e r e a n i n f i n i t e r e c o m b i n a t i o n Meiocifcy i s 
a s s u m e d . U n d e r h i g h - l e v e l i n j e c t i o n c o n d i t i o n s F i g . 4 . 6 
s h o w s t h e e x i s t e n c e o f a q u a s i n e u t r a l i t y r e g i o n w h e r e t h e 
e l e c t r o n a n d h o l e d e n s i t i e s a r e e q u a l a n d c o n s t a n t . T h e s e 
t w o c o n d i t i o n s a r e t h e k e y o n w h i c h t h e a n a l y t i c a l m o d e l i s 
b a s e d t o e s t a b l i s h t h e c l o s e d f o r m f o r m u l a e . 
T h e a b s o l u t e v a l u e o f r e c o m b i n a t i o n r a t e U ( x ) i s 
d e p i c t e d i n F i g . 4 . 7 . U n d e r l o w - l e v e l i n j e c t i o n 
c o n d i t i o n s t h e r e c o m b i n a t i o n r a t e i n s i d e t h e s p a c e c h a r g e 
r e g i o n i s r e l a t i v e l y h i g h e r t h a n o u t s i d e . T h i s i s d u e t o 
t h e s m a l l a m o u n t o f e x c e s s c a r r i e r s . 
A t a n y b i a s , t h e r e c o m b i n a t i o n r a t e r e a c h e s i t s m a x i m u m 
v a l u e a t t h e l o c a t i o n i n t h e s p a c e c h a r g e r e g i o n w h e r e t h e 
e l e c t r o n d e n s i t y i s e q u a l t o t h e h o l e d e n s i t y . T h i s 
c o n d i t i o n c a n b e v e r i f i e d f r o m t h e r e c o m b i n a t i o n g e n e r a t i o n 
m o d e l . 
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We t a k e 
T = T = T po 4 n o 1 
E q u a t i o n 2 . 1 8 t h e n b e c o m e s 
U = P - n " 1 
T ( n + p + 2 ) 
U n d e r t h e c o n d i t i o n o f c o n s t a n t q u a s i - F e r m i p o t e n t i a l s , we 
h a v e 
pn = k = c o n s t a n t 
T h u s t h e r e c o m b i n a t i o n r a t e i s 
U = k - 1 
T ( n + p + 2 ) 
F o r a g i v e n f o r w a r d b i a s V , m a x i m u m U i s o b t a i n e d w h e n 
( n + p ) i s a m i n i m u m , i . e , 
d ( p + n ) = 0 
o r 
d p = - d n 
S i n e e 
p n = c o n s t a n t 
b y d i f f e r e n t i a t i n g w i t h r e s p e c t t o p , we h a v e 
- pd n = n d p 
- d n = n d p 
p 
T h e m i n i m u m c o n d i t i o n i s t h e r e f o r e s a t i s f i e d , i f 
d p = - d n = n d p 
P 
o r 
n = p 
A t h i g h e r i n j e c t i o n l e v e l s , i n j e c t e d m i n o r i t y c a r r i e r s 
d i f f u s e i n t o t h e n e u t r a l r e g i o n a n d a r e r e c o m b i n e d . 
T h e r e f o r e t h e r e c o m b i n a t i o n r a t e o u t s i d e t h e s p a c e c h a r g e 
r e g i o n b e c o m e s s i g n i f i c a n t . 
U n d e r v e r y h i g h i n j e c t i o n c o n d i t i o n s , w h e r e t h e 
q u a s i - n e u t r a l i t y r e g i o n e x i s t s , t h e r e c o m b i n a t i o n r a t e h a s 
a c o n s t a n t m a x i m u m v a l u e t h r o u g h o u t t h e r e g i o n . I f we t a k e 
P = n = n Q , i . e , 
p n = k = n Q >> i 
we o b t a i n , 
max 2 T n Q 
2T 
F i g . 4 . 8 i l l u s t r a t e s t h e r a t i o o f e l e c t r o n a n d h o l e 
c u r r e n t s t o t h e • t o t a l c u r r e n t . A t v e r y l o w i n j e c t i o n 
l e v e l s , t h e c u r r e n t i n t h e s p a c e c h a r g e r e g i o n i s m a i n l y 
d u e t o r e c o m b i n a t i o n . T h e c u r r e n t s o u t s i d e t h e r e g i o n a r e 
o b v i o u s l y d u e t o m a j o r i t y c a r r i e r s f l o w i n g f r o m t h e 
c o n t a c t s t o r e p l e n i s h t h e l o s t c h a r g e s . U n d e r h i g h e r 
i n j e c t i o n c o n d i t i o n s , m i n o r i t y c a r r i e r s d i f f u s e a w a y f r o m 
e d g e o f t h e s p a c e c h a r g e r e g i o n a n d a r e r e c o m b i n e d i n t h e 
n e u t r a l r e g i o n s . T h i s i s r e s p o n s i b l e f o r t h e m i n o r i t y 
c a r r i e r c u r r e n t s i n b o t h s i d e s o f t h e d e v i c e . T h e s e 
m i n o r i t y c u r r e n t s a r e s i g n i f i c a n t l y i n c r e a s e d a s t h e 
i n j e c t i o n l e v e l b e c o m e s v e r y h i g h . 
F i n a l l y , t h e f o r w a r d c u r r e n t c a n b e s u m m a r i z e d a s s h o w n 
i n F i g . 4 . 9 . U n d e r l o w l e v e l i n j e c t i o n , t h e i n j e c t e d 
m i n o r i t y c a r r i e r i n b o t h r e g i o n s i s s t i l l v e r y l o w , 
t h e r e f o r e t h e s p a c e c h a r g e r e c o m b i n a t i o n c u r r e n t d o m i n a t e s . 
T h e g r a d i e n t p l o t t e d o n a l o g s c a l e i s s e e n t o b e 
e 
a p p r o x i m a t l y 0 . 6 ( q / k T ) . F o r m e d i u m a n d h i g h l e v e l 
i n j e c t i o n , t h e i n j e c t e d m i n o r i t y c a r r i e r d e n s i t y b e c o m e 
c o m p a r a b l e w i t h , a n d t h e n g r e a t e r t h a n , t h e d o p i n g d e n s i t y 
r e s p e c t i v e l y . T h e r e c o m b i n a t i o n c u r r e n t s o u t s i d e t h e s p a c e 
c h a r g e r e g i o n t h e r e f o r e b e c o m e d o m i n a n t a n d t h e 
r e c o m b i n a t i o n c u r r e n t i n s i d e t h e s p a c e c h a r g e r e g i o n m a y b e 
n e g l e c t e d . T h e r e s u l t i n g g r a d i e n t i n t h i s r a n g e i s 
a p p r o x i m a t e l y 0 . 9 ( q / k T ) . A t s t i l l h i g h e r i n j e c t i o n l e v e l s , 
t h e e f f e c t o f v o l t a g e d r o p i n t h e b u l k r e g i o n s c a u s e d b y 
t h e c u r r e n t f l o w b e c o m e s i m p o r t a n t a n d t h e c u r r e n t 
i n c r e a s e s m o r e s l o w l y w i t h i n c r e a s i n g b i a s . I t i s s e e n 
t h a t t h e s o l u t i o n s h o w s a g r e e m e n t , w i t h t h e i d e a l i z e d 
a n a l y t i c a l a p p r o x i m a t i o n f o r a n a b r u p t j u n c t i o n d i o d e w h e n 
t h e r e c o m b i n a t i o n c u r r e n t i n t h e s p a c e c h a r g e r e g i o n i s 
i n c l u d e d . ( s e e f o r e x a m p l e , A . T . S a h , e t , a l < 4 2 > ) 
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4 . 6 . 1 . 2 Reverse b ias c o n d i t i o n s . 
Cont rary to the r e s u l t obta ined f o r the forward b ias 
c o n d i t i o n , F i g . 4.12 showsthat the quasi Fermi p o t e n t i a l s 
are no longer cons tant throughout the d e v i c e . i n s t e a d , 
they f o l l o w the e l e c t r o s t a t i c p o t e n t i a l as 
equat ions 4 . 6 , 4 . 7 i m p l i e s . Under reverse b i a s , the 
e l e c t r o s t a t i c p o t e n t i a l increases w i t h the app l ied v o l t a g e 
and suppresses the d i f f u s i o n c u r r e n t s , but the exis tence o f 
the e l e c t r i c f i e l d i n the space charge reg ion enables the 
d r i f t c u r r e n t s to f l o w . Just as the forward cu r r en t can be 
descr ibed by the recombinat ion process throughout the 
d e v i c e , the reverse c u r r e n t can be accounted f o r by the 
genera t ion process . The m i n o r i t y c a r r i e r s generated near 
e i t h e r s ide o f the space charge l aye r d i f f u s e to the edge 
o f the region where they are swept to the other s ide o f the 
j u n c t i o n by the s t rong f i e l d . Also c a r r i e r genera t ion can 
take place w i t h i n the space charge reg ion i t s e l f , ma in ly 
through the emission process from the t r a p s , and the 
c a r r i e r s are swept out o f the r eg ion before recombinat ion 
can occur . The f i r s t o f these processes r e s u l t s i n the 
c u r r e n t f lows as dep ic ted i n F i g . 4.15 . The e f f e c t o f the 
gene ra t ion c u r r e n t i n the space charge reg ion i s shown i n 
F i g . 4.16 where the reverse cu r r en t increases 
c o n t i n u o u s l y , ra ther than remaining constant as i s the case 
when the genera t ion c u r r e n t i s o m i t t e d . 
I t should also be noted from F i g . 4.13 t h a t the 
Boltzmann r e l a t i o n i s not v a l i d , even f o r low reverse b i a s . 
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4 .6 .2 Terminal c h a r a c t e r i s t i c s . 
The diode p r o f i l e i n L i g . 4.17 i s used to i n v e s t i g a t e 
the t e rmina l c h a r a c t e r i s t i c s so t h a t the r e s u l t s can be 
compared w i t h the dynamic behaviours obta ined l a t e r i n 
chapter 5. 
4 . 6 . 2 . 1 E f f e c t o f c a r r i e r l i f e t i m e on forward 
c h a r a c t e r i s t i c s . 
The c a r r i e r l i f e t i m e has a d i r e c t i n f l u e n c e on the 
gene ra t ion recombinat ion ra te U(x) and hence on the c u r r e n t 
f l o w i n g through the d e v i c e , and the v o l t a g e drop i n the 
bu lk r e g i o n s . I t i s t h e r e f o r e a va luab l e parameter to 
i n v e s t i g a t e . In t h i s s e c t i o n we s h a l l consider i t s e f f e c t 
on the forward c u r r e n t i n d i f f e r e n t d i o d e s . 
a) Diodes w i t h the same w i d t h . 
F i g . 4.18 shows the e f f e c t o f c a r r i e r s l i f e t i m e s 
having values from 10 microseconds to 10 nanoseconds on the 
forward c u r r e n t s o f diodes whose widths are f i x e d a t 10 
microns . A decrease o f c a r r i e r l i f e t i m e corresponds to an 
increase i n the recombinat ion ra te U(x) which r e s u l t s i n 
increas ing c u r r e n t . Under low l e v e l i n j e c t i o n c o n d i t i o n s , 
the c u r r e n t s are small and produce l i t t l e vo l t age drop i n 
the bu lk r e g i o n s . At moderate and high i n j e c t i o n l e v e l s , 
the v o l t a g e drop i n the bulk reg ion becomes s i g n i f i c a n t and 
hence the e f f e c t i v e v o l t a g e across the space charge reg ion 
i s less than the app l i ed v o l t a g e . The c u r r e n t sa tura tes a t 
h igh b i a s . 
I t should be noted t ha t as the l i f e t i m e i s i n c r e a s i n g , 
t he r e e x i s t s an optimum value beyond which there i s no 
f u r t h e r increase i n c u r r e n t . This occurs i n our case when 
the l i f e t i m e i s about 0 .1 microsecond. This e f f e c t has 
been descr ibed as the ex is tence o f a minimum in the v o l t a g e 
drop across the bulk reg ion <44>, but the r e s u l t s o b t a i n i n 
the next s ec t i on b and c do not support t h i s v i ew . 
The r e s u l t shown i n F i g . 4.18 can be u s e f u l when 
des igning a h igh power device where h igh forward c u r r e n t i s 
r e q u i r e d . Rather than at tempt to achieve a very long 
c a r r i e r l i f e t i m e i n a d e v i c e , there i s an optimum v a l u e , 
beyond which any increase i s unnecessary. 
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F I G U R E (4 .18 ) 
b) Diodes w i t h the same r a t i o o f W / l n 
The preceeding sec t ion d e a l t w i t h the o v e r a l l e f f e c t 
o f the c a r r i e r l i f e t i m e on diodes o f equal l e n g t h , i n which 
account i s taken o f d i f f e r i n g values o f vo l t age drop i n the 
bu lk r e g i o n s . I t i s however also wor thwhi le i n v e s t i g a t i n g 
the cases where a l l the diodes now have the same 
recombinat ion c r i t e r i a i . e , the same normalized w i d t h . In 
t h i s way the e f f e c t o f v o l t a g e drop i n the bulk regions o f 
the diodes are neg l ec t ed , and a l lows the d i r e c t e f f e c t o f 
d i f f e r i n g l i f e t i m e s to be observed. Figs.. 4.19 .and 4.20 
i l l u s t r a t e the s o l u t i o n s f o r diodes w i t h the r a t i o o f w id th 
t o d i f f u s i o n l e n g t h equal to 1 and 2 r e s p e c t i v e l y . Under 
moderate and high l e v e l i n j e c t i o n c o n d i t i o n s , the c u r r e n t 
increases l i n e a r l y as the l i f e t i m e decreases. The increase 
i s r e l a t i v e l y higher a t low i n j e c t i o n l e v e l . 
The r e s u l t obta ined here however show no s a t u r a t i o n 
e f f e c t l i k e t ha t obtained i n the previous s e c t i o n . 
This may be compared w i t h the a n a l y t i c a l s o l u t i o n f o r 
the forward c u r r e n t de r ived from an i d e a l i z e d abrupt p-n 
j u n c t i o n diode and neg lec t ing the bu lk r e s i s t a n c e . <46> 
2 , qV/(kT) 
D 1 qn. e 
n . 
N N n. 
- i ] -q n ..We 
2 T 
o 
where T Q = an e f f e c t i v e l i f e t i m e 
For medium i n j e c t i o n l e v e l s where d i f f u s i o n 
p r e v a i l , assuming t h a t N d >>n a , we o b t a i n 
c u r r e n t s 
69 
I 2 qV/(kT) 
J = D n . i q . n i ( e - 1) 
-v/Tn % 
The r a t i o o f the c u r r e n t s f o r a decade decrease o f the 
l i f e t i m e can thus be w r i t t e n as 
±2 = / 1 0 T n = 7 T 0 
F i g s . 4.21 and 4.22 show t h i s c u r r e n t r a t i o on a log 
scale f o r the cases o f W p / L n equal to 1 and 2 
r e s p e c t i v e l y . The r e s u l t s g i v e good agreement w i t h t h a t 
p r ed i c t ed by the a n a l y t i c a l formula descr ibed above. 
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c) D i f f e r e n t s ized diodes w i t h a f i x e d l i f e t i m e . 
An i n d i r e c t way to observe the e f f e c t o f c a r r i e r 
l i f e t i m e i s to change the wid th wh i l e keep the l i f e t i m e 
cons t an t . Instead o f va ry ing on ly the w i d t h o f the l i g h t l y 
doped r e g i o n , which i s equ iva l en t to the s i t u a t i o n i n 
s ec t i on a) i f the recombinat ion c r i t e r i o n i n the h e a v i l y 
doped region i s n eg l ec t ed , we s h a l l now va ry the o v e r a l l 
s ize o f diodes keeping the same p r o p o r t i o n s o f the n and p 
r e g i o n s . In order to c l a s s i f y the d iodes , the widths are 
determined by the recombinat ion c r i t e r i o n , i . e . , i n our case 
the r a t i o o f p - r eg ion wid th to the e l e c t r o n d i f f u s i o n 
F i g s . 4.23 and 4.24 show the forward c h a r a c t e r i s t i c s 
from 0 .1 to 1.0 and 0.5 to 5.0 r e s p e c t i v e l y , f o r a 
c a r r i e r l i f e t i m e o f 1 microsecond. In c o n t r a s t to the case 
i n a) , where both n + and p regions are changed, the 
r e s u l t s i n the lower range show no s a t u r a t i o n i n the 
c u r r e n t . This e f f e c t may also be seen from the simple 
r e l a t i o n 
l e n g t h , W p / L n 
o f diodes o f d i f f e r e n t s izes w i t h W p / L n ranging 
V (-E)dx V app 
bulk region 
By using the r e s u l t o f an i d e a l i z e d diode 
I = I s ( e x p ( q V ( app' /kT) - 1) 
we can w r i t e 
V app = (kT/q) l n ( l + I / I s ) + I R b (4.23) 
where 
= appl ied vo l t age 
sa tura ted c u r r e n t 
bulk r es i s t ance 
As the diode becomes s m a l l e r , vo l t age drop i n the bulk 
reg ion decreases, thus the f i r s t term of the r i g h t hand 
s ide o f equat ion 4.23 p r e v a i l s . 
On the other hand, i n the higher range, F i g . 4.24 show 
t h a t the bulk r es i s t ance become s i g n i f i c a n t , and t h e r e f o r e 
the s i t u a t i o n tend to be the same as i n the case a) . 
Also F i g s . 4.25 and 4.26 where the normalized cu r r en t 
vo l t age r e l a t i o n s are shown, i n d i c a t e the n o n l i n e a r i t y o f 
the bu lk r e s i s t a n c e s . The c u r r e n t s are normalized by 
d i v i d i n g the c u r r e n t s by the value f o r W / r equal 
to 1 . 
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4.7 Computational methods f o r r e s i s t o r diode c i r c u i t s . 
A f t e r having d e a l t w i t h the phys ica l aspects o f p-n 
j u n c t i o n d iodes , we s h a l l complete the model l ing by the 
a n a l y s i s of a c i r c u i t con t a in ing the device represented by 
i t s s t a t i c c h a r a c t e r i s t i c s . This could be done e i t h e r by 
employing the o p t i m i z a t i o n technique <22> to f i t the 
r e s u l t s to the c i r c u i t model selected and ther. employing 
standard c i r c u i t a n a l y s i s , or by s o l v i n g the equat ion 
d i r e c t l y w i t h i n f o r m a t i o n obtained from the phys ica l model . 
Since the l a t t e r case r equ i re s less ex t r a e f f o r t , we w i l l 
f o l l o w t h i s l i n e i n the a n a l y s i s . 
Consider the simple diode c i r c u i t of F i g . 4.27 
opera t ing under l a rge s i gna l c o n d i t i o n , where the nonl inear 
c h a r a c t e r i s t i c s o f the diode may be represented by 
^ = f ( v s ) (4.24) 
and the diode equat ion i s found as 
£ d ~ ( v s - v d ) / R = 0 (4.25) 
R 
0 
Figure 4.27 A R-D c i r c u i t . 
Equation 4.25 i s a t ranscendenta l equat ion which can 
on ly be solved by a successive approximat ion method. The 
most w ide ly used method i s the Newton Raphson i t e r a t i v e 
scheme. The n o n l i n e a r i t y can be l i n e a r i z e d by expanding 
i - d in a t runcated T a y l o r ' s s e r i e s about i d ° ^ r 
v i z 
A o ) n . i d = i d + 3 i d . ( y d - v d ) 
v d 0 ) (4 26) 
where the subsc r ip t o r e f e r s to the i n i t i a l value o f 
c u r r e n t and v o l t a g e . 
L e t , the c o r r e c t i o n te rm, a f t e r the f i r s t i t e r a t i o n 
* v d 1 J = V d - v d °> , 
and 
c - 3 i J i ' 
Equation 4.25 becomes 
v d ° > + S ^ d 1 L < v s - ( v d ° ) + ^ 1 , ) ) / R = 0 
A V 1 X ) = - ( i i ° . } R + v , ! 0 ) - v l / U + R s ) 
o r , i n the general form 
(k+1) (k) (k) 
A v d = - ( i d • R + v d - v s ) / ( l + R s ) ( 4 > 2 7 ) 
Since , the c u r r e n t v o l t a g e c h a r a c t e r i s t i c s obta ined 
from the phys ica l model are i n d i s c r e t e f o r m , which may not 
c o i n c i d e w i t h the values requ i red in the i t e r a t i o n , an 
i n t e r p o l a t i o n scheme i s i n e v i t a b l e i n eva lua t i ng 
equat ion 4 .27 . The f i r s t d e r i v a t i v e o f i ^ a t each 
i n t e r p o l a t e d po in t s i s also r e q u i r e d , hence the cubic 
Spl ine i n t e r p o l a t i o n seems to be an optimum scheme in our 
case. The d e t a i l s o f the cubic s p l i n e i n t e r p o l a t i o n used 
here are g iven in Appendix B, 
The i t e r a t i v e a l g o r i t h m can be summarized as f o l l o w s : 
1 Estimate an i n i t i a l value o f v£[° 
2 Use the cubic sp l i ne i n t e r p o l a t i o n to f i n d i ^ and S 
3 Ca lcu la te & v d from equat ion 4 .27 , and ob t a in the 
b e t t e r approximat ion 
4 Repeat from step 2 u n t i l the absolute value o f 
has converged to the accepted accuracy. 
The low frequency s i n u s o i d a l responses o f the c i r c u i t 
o f F i g . 4.27 are i l l u s t r a t e d in F i g s . 4.28 to 4.29 . The 
forward and reverse i - v c h a r a c t e r i s t i c s provided f o r the 
i t e r a t i o n procedure are obtained from model l ing a diode 
having the p r o f i l e o f F i g . 4.17 . The r e s u l t show the 
ha l f -wave r e c t i f y i n g e f f e c t which would be expected. 
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The accuracy o f the s o l u t i o n may be improved by 
employing a p rope r ty o f the cubic s p l i n e i n t e r p o l a t i o n 
which also provides the second d e r i v a t i v e o f a f u n c t i o n a t 
each i n t e r p o l a t i n g p o i n t . This a l l ows the second order 
term of the T a y l o r ' s s e r i e s to be included i n 
equa t ion 4.26 , and the a l g o r i t h m can then proceed in the 
same manner as above. 
Chapter 5 . 
Time-Dependent Modelling of Junction Devices , 
The study of the time-dependent or dynamic behaviour of 
p-n junct ion diodes has been the subject of intensive 
in teres t due to the ir widespread applicaton in switching, 
processing of a-c s i g n a l s , harmonic a n a l y s i s , e t c . i t i s 
well known that the behaviour of a p r a c t i c a l diode d i f f e r s 
from that predicted from i t s s t a t i c c h a r a c t e r i s t i c . The 
only d i s t i n c t i o n between the s t a t i c and dynamic operating 
conditions i s the treatment of the time p a r t i a l der iva t ive s 
in the system equations, (see chapter 3 ) , which implies the 
fol lowing. 
a) The existence of displacement current in the space 
charge region due to the v a r i a t i o n of the f i e l d with time. 
b) The current dens i t i e s are not j u s t associated with 
the recombination or generation of the c a r r i e r s but also 
depend on changes in the c a r r i e r d e n s i t i e s . 
The development of an a n a l y t i c a l model to represent the 
dynamic behaviour i s somewhat analogous to that of the 
s t a t i c case except that some further assumptions and 
approximations must be made. The devices which can be 
modelled are then l imited to some spec ia l ideal cases . On 
the other hand, a numerical model can be developed by using 
the algorithm discussed in chapter 3 and developed in 
chapter 4 . However, some modif icat ion of the algorithm may 
be required to ensure convergence and s t a b i l i t y . 
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5 .1 Formula t ion o f the system equa t ions . 
Since the problem i n v o l v e s t ime d e r i v a t i v e s , the 
r e l evan t system equations can be chosen from the 
mathematical model g iven i n chapter 2 as a set o f 
Simultaneous non l inea r p a r t i a l d i f f e r e n t i a l equa t ions . 
These can be r e w r i t t e n i n t h e i r normalized forms as 
f o 11 o ws . 
ap(x.t) = - u D ( X f t ) - 2 J p ( x , t ) 
at v ax (5 .1 ) 
8_n( x, t) 
at 
• U n ( X f t ) + £ £ n ( X ' t ) 
ax (5 .2 ) 
3E(x , t) = j T ( t ) _ J p ( X f t ) - J n ( x f t ) 
at (5 .3 ) 
Where 
J p ( x f t ) = A l p ( X , t ) 
J n ( x f t ) = A i n ( x , t ) 
p ( x , t ) E ( x , t ) - 3P(X» t ) 
3x 
n ( x , t ) E ( x , t ) + dn(x , t ) 
3x 
(5 .4) 
(5 .5 ) 
The main task here i s to solve these equat ions f o r the 
dependent v a r i a b l e s . The a l g o r i t h m discussed i n chapter 3 
suggests t h a t the equations must be t ransformed i n t o a set 
o f l i n e a r a lgebra ic equa t ions , so t ha t any sucessive 
approximat ion method can be app l i ed to o b t a i n the 
s o l u t i o n s . The t r a n s f o r m a t i o n can be done by 
d i s c r e t i z a t i o n and l i n e a r i z a t i o n o f the equat ions 
respec t i v e l y . 
5.2 D i s c r e t i z a t i o n 
a) S p a t i a l d i s c r e t i z a t i o n . 
A d i r e c t method of d i s c r e t i z i n g the system equat ions 
s p a t i a l l y i s to apply the standard d i f f e r e n c e 
approximat ions f o r the d e r i v a t i v e terms i n the c u r r e n t 
d e n s i t y equat ions 5.4 and 5.5/ and s u b s t i t u t e these 
r e s u l t s i n equat ions 5.1 and 5.2 r e s p e c t i v e l y . A 
numerical i n s t a b i l i t y problem e x i s t s as encountered i n the 
dc-s teady s t a t e case, and so the a n a l y t i c a l m o d i f i c a t i o n o f 
De M a r i ' s scheme i s r e q u i r e d . I t has been suggested <16> 
t h a t two set o f mesh p o i n t s should be employed which may 
ease the s t a b i l i t y problem. A se t { 1 i - 1 , i , 
i + l , . , . . N ) i s used to represent meshpoints f o r p , n , N and 
V. The other set ( 1 , . . . , 1 - 1 , 1 ,1 + 1 , . . .N) , loca ted midway 
between the mesh p o i n t s o f the f i r s t s e t , i s used to d e f i n e 
E ' ^ p ' Jn i J T a n d J D * T n e d i s c r e t e domain 
i s dep ic ted i n F i g . 5.1 . (Together w i t h the time g r i d ) . 
Using the same procedure as i n chapter 4 , but w i t h an 
i n t e g r a t i n g f a c t o r exp( - / E ( x ) d x ) , we can r e a d i l y w r i t e 
equa t ion 5.4 f o r a small i n t e r v a l between a and b as 
J p ( x , t ) = - j u p ( x , t ) E ( x , t ) P(a , t ) + P ( b , t ) 
V ( b , t ) - V ( a , t ) - V ( b , t ) - V ( a , t ) e - 1 e - 1 
At t ime j ( t ^ ) i f a and b correspond to the mesh 
po in t s i and i+1 r e s p e c t i v e l y and 1 i s loca ted in between, 
we have 
hj= ~ V i + 1 ' j - V 13 
hi 
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F i g . 5 .1 Disc re te domain to approximate the system 
equa t ions . 
And the d i s c r e t i z e d form of equat ion 5.7 becomes 
J =-JU . E„ . 
P l j P l j ^ 11 •E l ; j ] - 1 e 
P i + l , J 
- 1 (5.8) 
S i m i l a r l y , s o l v i n g 5.5 w i t h an i n t e g r a t i n g f a c t o r 
exp(/E (x).dx) we o b t a i n 
J =-JU . E n^ ' i + l r j 
( J - 1 e - 1 (5 .9) 
We can then apply the d i f f e r e n c e approximat ion to the 
s p a t i a l d e r i v a t i v e o f the c u r r e n t d e n s i t i e s i n 
equat ions 5.1 and 5 .2 , w i t h the va lues from 
equat ions 5.8 and 5.9 r e s p e c t i v e l y . At t ime j ( t ^ j a n c : 
mesh p o i n t s i and 1 , we f i n a l l y o b t a i n 
at 
•u , - 1 - u . E . . 
Pin 7 \ P l j I D 1 ] h i 
P i j + P i + 1 / 3 
P i - l , j l - l » 3 
P . P . • 
i - l . I + 
-E , , . h . E ~ ~ A T . 
e t " 1 ^ i _ ! e i _ x (5 10) 
S i m i l a r l y we can w r i t e 
^ i j = - U - 1 J-JU • E . 
at n U n ^ l> 
n . . n . , . 
n + i + l il 
+ u E. 
n l - l j i - 1 
n 1 
-E , ; ThT 
e 1 - 1 '(5 11) 
and 
a i . l j = J_ xi . E 
at 
P i j i j + i + l * 3 
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+JJ . E. . 
n l j ^ n 
n i j + i + l # ] 
— E. . h . E. . h . 
e 1 3 X - l e 1 3 X - l 
(5 .12) 
or i n the form of f u n c t i o n a l equations <43> 
i f i j = f 
at I P i j '
P i - l , j ' P i + l , j ' n i j ' E l j ' E l - l , j 
(5 .13) 
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iDij= f 
at n 
at J E 
p i j ' n i j ' n i - i , j ' n i + i , j ' E i j ' E i - i , j 
(5.14) 
(5 .15) 
b ) Time d i s c r e t i z a t i o n . 
Consider a f i r s t order d i f f e r e n t i a l equat ion i n t ime 
o f the form 
§J = F ( f , 
at 
By using the general i m p l i c i t scheme o f 
f i n i t e - d i f f e r e n c e app rox ima t ion , the equat ion can be 
d i s c r e t i z e d as 
£ j + l ~ £ j = 9F + ( i - e ) F 
(5 .16) 
where, i n p r a c t i c e , 0 < e < 1 , and 
9 = 0 g ives the e x p l i c i t scheme, 
9 = 1/2 g ives the Crank-Nicholson scheme, 
9 = 1 g ives a f u l l y i m p l i c i t backward scheme. 
Thus, the completed d i s c r e t i z e d forms o f the system 
equat ions can be expressed as 
P i , j + l ~ Pi j 9f + ( l - 9 ) f 
^ = Pj + l Pj 
n i , j + l ~ n i j _ 9f + ( 1 - 9 ) f 
(5.17) 
(5.18) 
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and 
E i , j - n - E i j e f + (1-0) f 
bD + l E j (5 .19) 
5.3 L i n e a r i z a t i o n 
Since a f a s t convergence scheme i s r equ i red f o r t h i s 
problem, Newton's method w i l l be employed to l i n e a r i z e the 
non l inea r a lgebra ic equa t ions . The genera l form of the 
R-dimensional Newton's method i s g iven as , (see chapter 3) 
g - ( x ( k ) ) + r 6<k> = 0 
r - i r 
i = 1,2, N 
and • 
x ( k + l ) s x ( k ) + s { k ) 
At t ime ( j + l ) t , the l i n e a r i z e d form of equat ion 5.17 
can t h e r e f o r e be expressed as 
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( k ) 
p i , i + i t - p i j - e f < k ) - ( i - 9 ) f p k ) 
+< 
0 | J i , j j + l L 
j + i 
t f j + l " P i j - O J"P Qf 
3 
(k) 
j + l 
( P ( k + 1 ) - P - ( k ) ^ V H i , D + l P i / 3 + l j 
e f 
- p 
( k + i ) (k) 
( p i - l , - " P j + l r i - l , j + l ) 
PD + 1 
N , (k+1) (k) 
( p i + l , j + l ~ p i + l , j + l ) 
= 0 
or 
p i 
(k) 3 f< k > 
J J d P i , j + l 
« 8 f n k ) ( ( k+1) (k) x 
- 0 P3+1 ( P i - l , j _ l - P i - l , j + l J 
j + l 
a f i k ) , / ( k + D <k> \ - e _Pp_+i ( P i + i , j - i - Pi + i , j + i ) 
j + l 
= 0 
which can be rearranged i n t o the form of a t r i d i a g o n a l 
matr ix 
(k) (k+1) (k) (k) (k+1) 
A
P i P i - l , j + l + B P i Pi , j + l + C P i p i + l , j + l = °P i ( 5 2 1 ) 
S i m i l a r l y , equat ions 5.18 and 5.19 can be r e a d i l y 
w r i t t e n as 
(k) (k+1) R < k ) n ( k + 1 K - C O U + U _ n ,c 
A n . n i - l , j + l + B n . n i , j + l + C n . n i + l , j + 1" V < 5 2 2 ) 
and 
where 
( k ) _(k+D . ,,(^+1) . „ (k ) , , ( k+ l ) , + B - ' E ^ ; j ; i + C - ' E i + i ; j + 1 = (5 23) 
A ( k ) = _ e a f ^ 
Pi — L — 
j+1 
a f ( k ) 
B ( k ) = I " 9 p i + i 
af < k ) 
c ( k ) = -9 3 £ P 211. 
a p i - i , j - i a P i + l , j + 1 
A ( k ) = 
a f (k) 
2+1 
B«K> = 1 - 9 
n i 
e f n k ) 1+1 
an< k> 
1 r j + 1 
c( k > = 
H i 
-9 8 f n 
(k) 
i t ! 
D 
(k) 
n i " ULij
 +
 0 f i k ! 1 + ( 1 - 0 , f n i - 9 
4- J J 
(k) 
an (k) i , j + 1 
-9 8 £ " j + l 
(k) 
(k) 
n ( M . _ a f n j + 1 
i - 1 r j - 1 l l j L n 
3n i - l / D - l 3n i + 1 , j + 1 
(k ) 
j + 1 
A ( « 0 - a f E
k ) 
- Q f l ± i 
j + i 
af(k> 
B ( k ) = ! _ Q d £ n 1+1 
aE{k>-3 + 1 
C ( k ) = - a f E
k ) 
9 3 + 1 
+ 1, D+l 
, (k) 
F = E„. + 9 f £
k ) + ( l - 9 ) f - 9 
3+1 E j 
V i . E l , j + 1 
3E k) .3 + 1 
(k) 
9 ,E i • 1 - l f j - l 9 r w ^ - ' l + l / j + 1 
3 E l - l , j - 1 3 E l + l , j + 1 
5.4 Computational a l g o r i t h m . 
The l i n e a r i z e d a lgeb ra i c system equat ions 5.21 to 
5.23 w i t h the c o e f f i c i e n t s i n 5.24 are e n t i r e l y i n the 
same form as equat ions 4 .16 , 4.17 and 4 .18 . The 
a l g o r i t h m depic ted i n F i g . 4 . 1 can t h e r e f o r e be u t i l i z e d to 
o b t a i n the s o l u t i o n s . However, some m o d i f i c a t i o n i n v o l v i n g 
the t ime increment must be added. During the computat ion 
o f the t r a n s i e n t behaviour , a t e s t f o r the steady s t a t e 
c o n d i t i o n must be provided to s top computa t ion , but when 
i n v e s t i g a t i n g the s i n u s o i d a l response, a t ime l i m i t can be 
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set up. The m o d i f i e d computa t ional a l g o r i t h m is shown i n 
F i g . 5.2 
The c r i t e r i o n f o r convergence i s obta ined from 
max 
( p ( k + l > + n ( k + 1 > ) ( p ( k > + n j k ) ) 
p ( k ) + n ( k ) 
< e (5 25) 
where e i s the acceptable accuracy, 
SPECIFY THE PARAMETERS 
SOLVE THE THERMAL EQUILIBRIUM 
SOLUTION TO OBTAIN THE 
INITIAL ESTIMATION. 
TIME INCREMENT 
CALCULATE THE RECOMBINATION 
RATE U(X) 
SOLVE THE TRIDIAGONAL SYSTEM 
OF EQUATION 5.21 FOR P 
SOLVE THE TRIDIAGONAL SYSTEM 
OF EQUATION 5.22 FOR N 
SOLVE THE TRIDIAGONAL SYSTEM 
OF EQUATION 5.23 FOR E 
TEST FOR 
CONVERGENCE 
TEST FOR 
STEADY-STATE 
NO 
NO 
FIGURE 5.2 THE COMPUTATIONAL ALGORITHM, 
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5.5 Numerical r e s u l t s . 
Fo l lowing the same l i n e o f i n v e s t i g a t i o n as i n the 
s t a t i c cases, we s h a l l here consider two problems of diode 
dynamics which are c o n t r o l l e d by the t ime dependent 
q u a n t i t i e s . The f i r s t o f these i s the i n t e r n a l behaviour 
i n v o l v i n g the response o f the diode to l a r g e excurs ions o f 
vo l t age and c u r r e n t , as i n many swi t ch ing a p p l i c a t i o n s . 
The second i s the t e rmina l c h a r a c t e r i s t i c s which desc r ibe 
the response o f the diode to l a r g e s tep and s i n u s o i d a l 
e x c i t a t i o n s . 
A s imple r e s i s t o r diode c i r c u i t as i n F i g . 5.3 i s used 
to study t h i s behaviour . The diode c u r r e n t i n t h i s c i r c u i t 
i s g iven by 
V 
o ODD 
R 
50 OHMS 
Figure 5.3 A R-D c i r c u i t . 
J T ( t ) ( v a p p ( t ) - v D ( t ) ) / A R 
where 
V D<t) v D ( 0 , t ) - v D ( L , t ) 
L 
E ( x , t ) d x d i f f 
and o 
app . ( t ) = app l ied vo l t age 
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v D ( t ) = vo l t age across diode 
v < ] i f f = d i f f u s i o n vo l t age 
L = device l eng th 
equat ion 5.26 can be expressed as ( i n normalized form) 
v T ( t ) = 
L 
V ( t ) - ^ E ( x , t ) dx + V, . app J d i f f o 
V o L D / ( A R q D o n i } 
(5.27) 
The diode under c o n s i d e r a t i o n has the same phys i ca l 
parameters as i n s e c t i o n ( 4 . 6 ) so t h a t a comparison between 
the s t a t i c and dynamic behaviours i s p o s s i b l e . 
5 .5 .1 I n t e r n a l c h a r a c t e r i s t i c s 
I n v e s t i g a t i o n o f the dynamic i n t e r n a l behaviour i s 
necessary to provide understanding of the d e t a i l e d 
mechanism of the d e v i c e . We w i l l , i n t h i s s e c t i o n , s tudy 
on ly the tu rn -on t r a n s i e n t . The t u r n - o f f phenomenon can be 
i n v e s t i g a t e d and explained i n a s i m i l a r f a sh ion when we 
study the s i n u s o i d a l response. 
There are two basic phenomena respons ib le f o r the 
behaviour o f the device under t r a n s i e n t c o n d i t i o n . 
F i r s t l y , there i s the r e l a x a t i o n e f f e c t invo lved w i t h i n a 
per iod of the d i e l e c t r i c r e l a x a t i o n time cons tant , g iven 
by 
T = r 
q(AJpp + n n n) 
Secondly, m i n o r i t y c a r r i e r s take a nonzero time to pass 
through the base reg ion o f the l i g h t l y doped r e g i o n . For 
narrow base d iodes , the t r a n s i t t ime T t r i s g iven by <4-5> 
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T f c = w i / ( 2 D B , 
f o r low l e v e l i n j e c t i o n , and 
T t = wg/ (4D B , 
f o r h igh l e v e l i n j e c t i o n . 
Where 
W
B i s the base w i d t h , and 
D B i s the m i n o r i t y c a r r i e r d i f f u s i o n constant i n 
the base r e g i o n . 
The recombinat ion e f f e c t s which occurs w i t h i n the 
e f f e c t i v e l i f e t i m e T e f f g iven by <42> 
^ f o r low l e v e l i n j e c t i o n , and 
T e f f " T po + T no f o r h i g h l e v e l i n j e c t i o n 
may be o f i n t e r e s t and can be inc luded as p a r t o f the 
t r a n s i t e f f e c t . 
We s h a l l consider a diode having the doping p r o f i l e 
shown i n F i g . 5.4 . The t r a n s i e n t d r i v e app l i ed to the 
c i r c u i t of F i g . 5.3 i s a s tep e x c i t a t i o n . 
v a P P ( t ) = 
0 t<0 
- 3 . 0 V o l t t>0 
i n the forward d i r e c t i o n . The t imes o f i n t e r e s t are then 
as f o l l o w s : 
,-14 T r = 10 second, i n h i g h l y doped p reg ion 
4.16x10"^ second, f o r low l e v e l i n j e c t i o n 
2 . 0 8 x l 0 ~ 7 second, f o r h igh l e v e l i n j e c t i o n 
Figs 5.5 to 5.9 show the e l e c t r i c f i e l d , 
e l e c t r o s t a t i c p o t e n t i a l , c a r r i e r d e n s i t y d i s t r i b u t i o n s and 
the c u r r e n t d e n s i t y d i s t r i b u t i o n r e s p e c t i v e l y a t va r ious 
i n s t a n t s o f t i m e . For times less than the d i e l e c t r i c 
r e l a x a t i o n time cons t an t , the e l e c t r i c f i e l d changes 
d r a s t i c a l l y w i t h o u t v a r i a t i o n o f the c a r r i e r d e n s i t i e s . 
The displacement c u r r e n t i s the dominant component i n the 
t o t a l c u r r e n t throughout the i n t e r i o r o f the d e v i c e , 
whereas the p a r t i c l e c u r r e n t s J n and Jp remain 
unchanged from t h e i r thermal e q u i l i b r i u m va lue s . The 
e l e c t r o s t a t i c p o t e n t i a l across the j u n c t i o n also remains 
unchanged because there i s no c a r r i e r f l o w . In other 
words, t h i s phase o f the response i s respons ib le f o r the 
b u i l d - u p o f the ohmic vo l t age drop i n the q u a s i - n e u t r a l 
reg i o n . 
At l a t e r t imes , w i t h i n the range o f t r a n s i t t i m e , most 
o f the c a r r i e r s i n j e c t e d are s tored i n the t r a n s i t i o n 
reg ion charging the t r a n s i t i o n reg ion capac i t ance , which 
r e s u l t s i n a r educ t i on o f the e l e c t r i c f i e l d . The 
displacement c u r r e n t i n the t r a n s i t i o n reg ion begins to 
decrease, and hole c u r r e n t f l ows w i t h the absence o f 
e l e c t r o n c u r r e n t i n t h i s r e g i o n . As t ime proceeds, the 
j u n c t i o n vo l t age b u i l d - u p and the b a r r i e r he igh t f a l l s . 
The displacement c u r r e n t i n the t r a n s i t i o n reg ion begins to 
disappear and the c a r r i e r c u r r e n t s now become dominent . 
D i f f u s i o n o f e l e c t r o n s i n t o the base reg ion reduces the 
hole c u r r e n t and any e l e c t r o n s l e f t a f t e r c ross ing the 
t r a n s i t i o n reg ion are e v e n t u a l l y recombined w i t h holes i n 
the p p + reg i o n . 
An analogous s i t u a t i o n f o r holes a lso occurs i n the 
n + r e g i o n , but i t i s a small e f f e c t due to the heavy 
doping . 
The displacement c u r r e n t s i n the base reg ion as 
depic ted i n F i g . 5.9 show an i n v e r s i o n o f s ign i n both 
i n t e r f a c e regions n + p and p p + , The s ign i n v e r s i o n 
a t the n + p j u n c t i o n occurs a t the i n i t i a l pa r t o f the 
t r a n s i e n t ( t = 2 . 0 x l 0 ~ 1 0 ) . This e f f e c t has been 
descr ibed by De Mari <15> and Petersen <18> i n t h e i r 
analyses , and they suggested t h a t the displacement c u r r e n t 
i s i n i t i a l l y p o s i t i v e corresponding to the b u i l d - u p o f the 
ohmic p o t e n t i a l drop i n the base r e g i o n , and decreases as 
the c a r r i e r c u r r e n t s f l o w i n t o the r e g i o n . The f l o w o f the 
c a r r i e r c u r r e n t s modulate the c o n d u c t i v i t y i n the base 
reg ion which r e s u l t s i n a decrease o f the vo l t age d r o p . 
This e f f e c t changes the e l e c t r i c f i e l d and consequently 
reverses the displacement c u r r e n t . A s i m i l a r exp lana t ion 
a p p l i e s also f o r the s ign i n v e r s i o n o f the displacement 
c u r r e n t a t the p p + j u n c t i o n , except t h a t t h i s happens 
when h igh l e v e l i n j e c t i o n c o n d i t i o n s occur a t l a t e r t imes . 
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5 . 5 . 2 . Terminal c h a r a c t e r i s t i c s . 
Jus t as f o r the s t a t i c case i n chapter 4, the t e r m i n a l 
c h a r a c t e r i s t i c s o f the devices w i l l be i n v e s t i g a t e d both 
under step and s i n u s o i d a l e x c i t a t i o n , concen t ra t ing on a 
study o f c o n d u c t i v i t y modula t ion e f f e c t s and the i n f l u e n c e 
o f m i n o r i t y c a r r i e r l i f e t i m e on the behaviour . 
Step response. 
Under the same c o n d i t i o n s as i n the i n v e s t i g a t i o n o f 
the i n t e r n a l behaviour , the s tep response o f the d iode 
under d i f f e r e n t i n j e c t i o n l e v e l c o n d i t i o n s are shown i n 
F i g s . 5.10 to 5.12 . The c u r r e n t s va ry from low l e v e l to 
h igh l e v e l depending on the value the s tep vo l t age app l i ed 
to the c i r c u i t . The t e rmina l v o l t a g e o f the diode dep ic ted 
i n F i g . 5.11 shows nega t ive overshoot f o r l a rge c u r r e n t s , 
but i t decreases monotonical1y f o r small c u r r e n t s . 
This behaviour can be descr ibed by the r e l a t i o n der ived 
by Ko <7>, f o r a s tep p r o f i l e n + p d i o d e , 
RQ = the i n t r i n s i c bu lk res i s tance w i t h no excess 
c a r r i e r s 
K = a phys ica l cons tant f o r the diode m a t e r i a l , 
d o p i n g , and geometry, and 
4 KT I n l + I „ e r f / t 7 T v_( t n 1-L l n ( l + K i t / T e r f n 
where 
are obtained from the s t a t i c diode 
equa t i o n 
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I f = I s (exp(qV/kT) -1) 
the terminal voltage, V D ( t ) , i s a combination of 
the junction voltage and the ohmic voltage drop in the bulk 
region. After the d i e l e c t r i c re laxat ion time, the injected 
c a r r i e r dens i t i e s r i s e from the equil ibrium towards the ir 
steady-state va lues , and accordingly there i s an increase 
of the junction voltage. At the same time, the 
conductivity of the material i s increased by the increase 
of c a r r i e r d e n s i t i e s . The bulk res i s tance i s therefore 
reduced, and so the ohmic voltage drops. The junct ion 
voltage increases with time, while the ohmic voltage drop 
decreases with time. Under low l e v e l in jec t ion condit ions , 
the ohmic voltage drop i s small compared with the junct ion 
voltage, and so the observed terminal voltage increases 
with time. At high in jec t ion l e v e l s , the junction voltage 
has reached i t s saturat ion va lue , and the ohmic voltage 
drop i s the dominant . in t h i s case , the observed terminal 
voltage decreases with time. 
F i g s . 5.13 and 5.15 replot the terminal voltages and 
currents of the diode on a normalized time s c a l e , t / T . 
Under low l eve l in jec t ion condit ion, V a -0 .15 v o l t , 
the re su l t shows that the diode behaves capac i t i v e l y . I f 
the d iode-res i s tor c i r c u i t i s modelled as a simple R-C 
s e r i e s combination, the response can be approximated with 
values of 50 ohms and 5 nF. At h igh- leve l i n j e c t i o n , 
V app = -15.0 v o l t , i t i s seen that the diode behaves 
somewhat induct ive ly . The c i r c u i t may be modelled as a R-L 
s e r i e s combination. The response can be approximated with 
values of 50 ohms and 50 nH. More accurate modelling w i l l 
requ i re a non l inea r r e s i s t ance and w i l l not be attempted 
here . 
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1 S inuso ida l response. 
The study o f the s i n u s o i d a l response o f a diode 
provides an i n s i g h t i n t o i t s r e c t i f y i n g e f f e c t and the 
gene ra t ion o f harmonics. For the l a t t e r purpose, the 
s t eady-s ta te s o l u t i o n s are r e q u i r e d , thus the t r a n s i e n t 
e f f e c t s i n the e a r l y cyc l e s must be d i s r e g a r d e d . This 
i n v o l v e s more time steps and consequently more computing 
t i m e . The s impler s t r u c t u r e o f n + - p diodes w i t h the 
doping p r o f i l e depic ted i n F i g . 4.17 g ives the s o l u t i o n s 
i n about h a l f the time requ i red f o r n + - p - p + diodes 
w i t h the doping p r o f i l e shown i n F i g . 5.4 . 
For t h i s r eason ,n + -p diode w i t h the phys i ca l 
parameters g iven i n s e c t i o n ( 4 . 6 ) w i l l be computed ra ther 
than n + - p - p + diodes f o r the f o l l o w i n g analyses . 
The e x t e r n a l e x c i t a t i o n i s g i v e n by 
v
a D B ( t ) = - 3 . 0 S i n ( 2 * f t ) 
where f = 1 MHz. 
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5.5.3 E f f e c t o f the m i n o r i t y c a r r i e r l i f e t i m e s on the 
t e r m i n a l c h a r a c t e r i s t i c s . 
a) Diodes w i t h the same r a t i o o f Wp/L n 
The r e s u l t s o f chapter 4 suggested t h a t i n order to 
study the i n f l u e n c e o f the l i f e t i m e s , the diodes to be 
compared should have the same recombinat ion c r i t e r i o n , 
namely the normalized w i d t h W p / L n . F i g s . 5.16 to 
5.18 shown the response o f diodes having moderate 
recombina t ion , f o r which W p / L n = i , but d i f f e r e n t 
m i n o r i t y c a r r i e r l i f e t i m e s va ry ing from 1 microsecond to 10 
nanosecond. 
During the forward h a l f c y c l e , the shor te r l i f e t i m e s 
g ive s higher recombinat ion r a t e s , and hence the c u r r e n t s 
across the j u n c t i o n are l a r g e r . This agrees w i t h the 
r e s u l t s obtained i n the s t a t i c cases. 
During the reverse h a l f c y c l e , the c u r r e n t c o n s i s t s o f 
the genera t ion c u r r e n t and the c u r r e n t due to the s tored 
m i n o r i t y c a r r i e r s being removed from the t r a n s i t i o n r e g i o n . 
The s tored charge r e s u l t s from i n j e c t i o n du r ing the forward 
c y c l e . I n i t i a l l y the presence o f the s tored charge causes 
a l a r g e reverse c u r r e n t to f l o w , and makes the j u n c t i o n 
vo l t age change s l o w l y . The j u n c t i o n remains i n forward 
b i a s , and the diode s t i l l conducts . A f t e r the s o - c a l l e d 
storage de lay t i m e , the j u n c t i o n becomes reverse b i a sed , 
and the reverse c u r r e n t s t a r t s to decay toward i t s 
s t eady-s ta te v a l u e . 
F i g . 5.16 con f i rms t h a t the low recombinat ion ra te i n 
the l a r g e l i f e t i m e diode leads to a l a r g e amount o f s tored 
99 
charge and consequently to a cons iderab le overshoot e f f e c t 
and a l a rge storage delay t i m e . On the other hand, a shor t 
l i f e t i m e diode has l i t t l e s torage charge and makes a good 
r e c t i f i e r . 
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b) D i f f e r e n t s ized diodes w i t h a f i x e d l i f e t i m e . 
F i g s . 5.19 to 5.21 show the responses o f diodes o f 
d i f f e r e n t s izes w i t h normalized width.W / T 
P' ^n ' 
ranging from 0 .1 to 1.0, f o r a c a r r i e r l i f e t i m e o f 1 
microsecond 
During the forward h a l f c y c l e , the c u r r e n t cont inues to 
increase as the diode i s made s m a l l e r , or as the bu lk 
r e s i s t ance becomes l o w e r . This supports the r e s u l t 
obta ined i n chapter 4, and shows t h a t there i s no optimum 
value o f the size o f the d i o d e . 
During the reverse h a l f c y c l e , the longer diodes have 
r e l a t i v e l y higher storage de lay t imes and l a r g e r overshoot 
e f f e c t s i n comparison w i t h the shor te r d iodes . This 
r e s u l t s from the i n f i n i t e sur face recombinat ion v e l o c i t y 
assumption a t the ohmic c o n t a c t s . For the shor te r d iodes , 
the m i n o r i t y c a r r i e r s recombine r e l a t i v e l y f a s t e r than 
those o f the longer d iodes . The storage de lay t ime and 
overshoot e f f e c t are t h e r e f o r e much reduced. 
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c) Diodes w i t h the same w i d t h . 
F i g s . 5.22 to 5.24 show the e f f e c t o f m i n o r i t y 
c a r r i e r l i f e t i m e s having va lues from 0 .1 m i l l i s e c o n d to 
0 .1 nanosecond, on the response o f the diodes whose wid ths 
are f i x e d a t 10 microns . 
Under t h i s c o n d i t i o n , there are two e f f e c t s i n v o l v e d : 
the d i r e c t e f f e c t o f va ry ing the l i f e t i m e ; and the i n d i r e c t 
e f f e c t o f changing the normalized w i d t h , W n / L n . 
The r e s u l t s i n sec t ion a) and b) reveal t h a t these e f f e c t s 
a c t i n oppos i te d i r e c t i o n s . For i n s t ance , the increase o f 
the l i f e t i m e produces more s tored charge, but i t 
subsequently decreases the normalized w i d t h which r e s u l t s 
i n the r educ t ion o f the s tored charge. In t h i s s e c t i o n , 
the r e s u l t s can t h e r e f o r e be descr ibed by the combinat ion 
o f the two e f f e c t s . 
During the reverse h a l f c y c l e , F i g . ( 5 . 2 2 ) shows t h a t 
the s torage de lay time and overshoot e f f e c t are small and 
nea r ly cons tan t f o r the long l i f e t i m e d iodes . They are 
r e l a t i v e l y smal ler and e v e n t u a l l y vanish f o r the shor te r 
l i f e t i m e d iodes . 
During the forward h a l f c y c l e , the r e s u l t s show t h a t 
f o r the long l i f e t i m e diodes there e x i s t s a maximum c u r r e n t 
which agree w i t h the r e s u l t s observed i n chapter 4 . For 
the shor te r l i f e t i m e d iodes , the c u r r e n t i s s i g n i f i c a n t l y 
decreased due to the increase o f the bu lk r e s i s t a n c e . 
The responses obtained from the preceeding s i n u s o i d a l 
e x c i t a t i o n s show good agreement w i t h the r e s u l t s p r ed i c t ed 
by a n a l y t i c a l methods <7><8>, and c o n f i r m the i n t u i t i v e 
r e s u l t s t h a t i n order tee^achieve a good high speed 
[ f t ? SCIENCE * & \ 
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switching ac t ion , i t i s necessary to 
a) decrease the minority c a r r i e r l i f e t ime or 
b) reduce the s ize of the diode. 
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Chapter 6. 
Harmonic Analys i s of p-n Junction Diode. 
in p r i n c i p l e , the d u a l i t y between the time and 
frequency domains makes i t possible to study the behaviour 
of a semiconductor device from either viewpoint. However, 
some phenomena may be d i f f i c u l t to detect in one domain, 
but they could be prominent in the other. Also s p e c i f i c 
information in the frequency domain i s required in some 
appl i ca t ions , for instance , in harmonic generation, 
d i s tor t ion measurement, modulation, o s c i l l a t i o n , e t c . . I t 
i s therefore worthwhile invest igat ing the device 
c h a r a c t e r i s t i c in t h i s domain. 
Most previous ana lys i s in the frequency domain has 
re l i ed on c e r t a i n s e r i e s representations to denote 
nonl ineari ty in the transfer function of the device , and 
together with the Fourier Transform, the device performance 
can then be predicted. This approach i s l imited to 
s l i g h t l y nonl inear , i . e . , small s ignal cases <23> , or i t 
depends on an approximation to the c h a r a c t e r i s t i c of the 
devices <27>. However, i f an exact response i s already 
a v a i l a b l e , then the Fourier Transformation can be d i r e c t l y 
applied to provide a solut ion in the frequency domain. 
This approach can preserve the exactness of a solution and 
i s r e l a t i v e l y simple to use. 
In th i s chapter, we s h a l l f i r s t introduce the Discrete 
Fourier Transformation and i t s appl icat ion in harmonic 
a n a l y s i s . This w i l l be applied to the steady-state 
responses from s inusoidal exc i tat ion obtained from chapter 
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4 and 5 . F i n a l l y , the e f f e c t of minority c a r r i e r l i f e t ime 
on harmonic generation i s considered. 
6.1 Application of the Discrete Fourier Transform in 
Harmonic A n a l y s i s . 
To determine the Fourier Transform of a function g (t) 
by mean of numerical techniques, i t i s necessary that the 
function to be transformed be represented by d i scre te 
samples usual ly at equally spaced time i n t e r v a l s T 
corresponding to the sampling frequency f s . The e f f e c t 
of sampling may add severe d i s t o r t i o n to the o r i g i n a l 
function i f the sampling frequency i s too low, i . e , l e s s 
that twice the highest frequency component of g (t) . This 
i s the so-cal led a l ias ing e f f e c t in which high frequency 
components of g (t) can impersonate low frequencies . 
The dua l i ty property of the Fourier Transform implies 
that sampling in the time domain r e s u l t s in a function 
periodic in frequency and sampling in the frequency domain 
resu l t s in a function periodic in time. Therefore, the 
Discrete Fourier Transform requires that both the o r i g i n a l 
time and frequency functions be modified such that they 
become periodic functions in which N time samples and N 
frequency values correspond to a period of time and 
frequency domain waveform respec t ive ly . 
For transformation from the time to frequency domain, 
t h i s can be done by truncating the sampled function to a 
f i n i t e i n t e r v a l , and considering the function within th i s 
in terva l as one period of the periodic function in the time 
domain. Therefore, Fourier Transformation i s required for 
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only one period of the funct ion. 
The truncation i s however equivalent to multiplying the 
s ignal by a rectangular window funct ion . I f the time 
period under consideration i s equal to T Q seconds, the 
rectangular window function i s defined by 
1 0 < kT < T 
(6.1) 
0 otherwise 
the re la t i on between the arguments in the time and 
frequency domain i s given in F i g . 6.1 and the d i scre te 
Fourier Transform pair i s defined by 
w(kT) = 
N-i 
g(kT) = i . V G ( n f ) . e ^ n k / N 
N (6.2) 
N-1 
G(nf) = ^ g(kT) ,e"32Tnk/N 
k-o 
where 
(6.3) 
T 0 = N T 
-1 - f c 
f s - N f 
-L - T 0 
f 
Figure 6.1 Relation between the arguments in the 
time and frequency domains. 
By applying the Disc re te Fourier Transform to w(kT) in 
equat ion 6 . 1 , we can w r i t e 
N-l 
W(nf) = Y_ e"32^nk/N 
k=0 
I _ e - j 2 i r n f T N 
I _ e - j 2 * n f T 
_ e - j T n f T ( N - l ) s i n ( i r n f T J 
s i n ( K n f T ) (6 .4) 
Equation 6.4 i n d i c a t e s t h a t t r u n c a t i o n i n t ime domain 
can in t roduce a r i p p l e in the frequency domain. This i s 
analogous to the Gibb ' s phenomenon in the cont inuous system 
where t r u n c a t i o n in t roduces a s i n g u l a r l i t y . This e f f e c t 
can be minimized by employing a non-rec tangular window 
f u n c t i o n i n order to reduce the s i n g u l a r l i t y . 
However, i f the sampled and t runcated f u n c t i o n i s an 
i n t e g r a l m u l t i p l e o f the per iod o f the f u n c t i o n g ( t ) , 
equat ion 6.4 shows t h a t the r i p p l e van i shes . 
In harmonic a n a l y s i s , the t ime domain s teady-s ta te 
s o l u t i o n i s no rmal ly p e r i o d i c . I f N sample values o f t h i s 
s o l u t i o n represent e x a c t l y one complete p e r i o d , the 
r e s u l t i n g d i s c r e t e t r ans fo rm i s then r i p p l e - f r e e . 
Computation o f the t r ans form de f ined i n equat ions 6 .1 
and 6.2 requ i res N 2 mathematical ope ra t ions on complex 
q u a n t i t i e s which uses cons iderab le computa t ional t ime and 
in t roduce round o f f e r r o r . The use o f a Fast Four ier 
Transform a l g o r i t h m in which o n l y 2Nlog2N o p e r a t i o n are 
requ i red leads to a s u b s t a n t i a l r educ t ion o f the t ime and 
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e r r o r . The FFT a l g o r i t h m can be i n t e r p r e t e d i n terms o f 
combining the DFTs o f the i n d i v i d u a l data samples i n such a 
way t h a t the occurence times o f the samples are taken i n t o 
account s e q u e n t i a l l y . These can then app l i ed to the DFTs 
o f p r o g r e s s i v e l y l a r g e r m u t u a l l y e x c l u s i v e subgroups o f 
data samples, which are combined to produce the DFT o f the 
complete set samples. The d e r i v a t i o n and computer 
programming of the FFT a l g o r i t h m has been w i d e l y discussed 
i n the l i t e r a t u r e and i t i s a v a i l a b l e on most main frame 
computers; f o r example the NAG package on the NUMAC 
computer system. The re fo re , d e t a i l e d d i scuss ion o f t h i s 
a l g o r i t h m w i l l be omi t ted here . 
6.2 Harmonic genera t ion i n p-n j u n c t i o n d iodes . 
In chapters 4 and 5, the i n f l u e n c e s o f m i n o r i t y c a r r i e r 
l i f e t i m e on the t e r m i n a l c h a r a c t e r i s t i c s and responses o f . 
p-n j u n c t i o n diode have been s tud ied i n t e n s i v e l y . We s h a l l 
i n t h i s chapter consider t h i s e f f e c t on harmonic gene ra t ion 
i n the f requency domain. 
For convenience throughout t h i s chapter a response to 
s i n u s o i d a l e x c i t a t i o n which i s obta ined from so lv ing the 
simple R-D c i r c u i t i n chapter 4 w i l l be r e f e r r e d to as a 
" s t a t i c " response, and a s t a t i c spectrum denotes i t s 
t r ans fo rm pa i r i n the frequency domain. S i m i l a r l y , the 
term "dynamic" w i l l be used when dea l ing w i t h a 
s t eady-s ta te response to the s i n u s o i d a l e x c i t a t i o n as 
descr ibed in chapter 5. 
I t has been seen t h a t the s t a t i c response provides 
n e a r l y i d e a l ha l f -wave r e c t i f i c a t i o n , because o f the ve ry 
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small reverse c u r r e n t i n comparison w i t h the forward 
c u r r e n t . On the o ther hand, the dynamic response depends 
not o n l y on the forward c h a r a c t e r i s t i c but also on the 
impor tant e f f e c t o f s tored charge seen in the reverse 
d i r e c t i o n . 
F i r s t l y , we s h a l l i n v e s t i g a t e the dynamic spectrum 
cons ider ing harmonic genera t ion i n both forward and reverse 
d i r e c t i o n s . Later harmonic genera t ion i n each d i r e c t i o n 
w i l l be considered s epa ra t e ly . The non l inea r e f f e c t i n the 
forward d i r e c t i o n can be obtained by s u b t r a c t i n g the 
dynamic response from the associa ted h a l f - s i n u s o i d a l 
response. On the other hand, the e f f e c t i n the reverse 
d i r e c t i o n may be obtained by s u b t r a c t i n g the s t a t i c 
c h a r a c t e r i s t i c from the associated dynamic c h a r a c t e r i s t i c . 
This however r equ i r e s i d e n t i c a l environment f o r each 
corresponding p a i r . That i s to say the f requency , accuracy 
e t c . , must be the same i n each case. 
In p r a c t i c e , t h i s can not be e a s i l y done, because the 
s t a t i c response i s v a l i d on ly a t ve ry low frequency:. The 
corresponding computer t ime f o r a dynamic response a t the 
same frequency i s l a r g e . However, an a l t e r n a t i v e method i s 
s imply to suppress the forward h a l f c y c l e o f the dynamic 
response. The remainder i s a c lose approximat ion to the 
requ i red e f f e c t i n the reverse d i r e c t i o n , and the 
suppressed pa r t w i l l be r e f e r r e d to as a q u a s i - s t a t i c 
character i s t i c . 
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6.3 E f f e c t o f m i n o r i t y c a r r i e r l i f e t i m e s on harmonic 
g e n e r a t i o n . 
a) Diodes w i t h the same s i z e . 
F i g . 6.2 i s reproduced from chapter 5 showing the 
dynamic response i n the time domain o f diodes having the 
same s ize (10 microns) , but w i t h l i f e t i m e va ry ing from 0 .1 
nanosecond to 100 microseconds. Each response was 
c a l c u l a t e d at 256 p o i n t s , so tha t the Fast Four ie r 
Transform can be d i r e c t l y a p p l i e d , t h i s r e s u l t s i n the 
spectra dep ic ted i n F i g . 6 .3 . To aid i n t e r p r e t a t i o n , the 
odd and even harmonics are separa te ly i d e n t i f i e d . These 
r e s u l t s c o n f i r m the ex is tence o f an optimum value o f 
l i f e t i m e as descr ibed i n chapter 4 and 5. No v a r i a t i o n o f 
the spectra can be seen a t longer l i f e t i m e s . The harmonic 
l e v e l becomes r e l a t i v e l y smooth f o r higher o r d e r s . When 
the l i f e t i m e i s ve ry s h o r t , 0 .1 nanosecond, the higher 
harmonics become s u b s t a n t i a l l y reduced, and r i p p l e s i n the 
odd and even spectra appear. 
F i g . 6.4 shows the associated q u a s i - s t a t i c s p e c t r a , 
the r e s u l t s i n d i c a t e t ha t the magnitude o f the odd 
harmonics f o l l o w a s i n c - l i k e f u n c t i o n where a d i f f e r e n t 
s i n c - l i k e f u n c t i o n holds f o r the even harmonics. For long 
l i f e t i m e d iodes , the spectrum i s l ess s e n s i t i v e to the 
v a r i a t i o n o f the l i f e t i m e . However, when the l i f e t i m e i s 
very s h o r t , the per iod of the r i p p l e s becomes l o n g e r . 
For comparison w i t h the r e s u l t s t h a t would have been 
obta ined i f the diode c h a r a c t e r i s t i c were l i n e a r , F i g s . 6.5 
and 6.6 show the i dea l h a l f - s i n u s o i d a l responses and 
t h e i r spec t r a . These h a l f - s i n u s o i d a l responses are 
s imula ted w i t h the same ampl i tude as the q u a s i - s t a t i c 
responses shown in F i g . 6 .2 . The spectrum reveals the 
monotonic decrease o f both odd and even harmonics, which 
are evaluated from 
F ( n f ) = - ^ e 3 T ( f T - n / N ) (N/2 -1) s i n (T ( f T n -n ) / 2 ) 
2 j ' s i n ( f ( f T - n / N ) ) 
+ ]^_e-3T( fT+n/N)(N/2 -1) s i n ( T ( f T n + n ) / 2 ) 
2 j * sin(ir ( fT+n/N)) 
The r e s u l t s o f F i g s . 6.4 and 6.6 i n d i c a t e t h a t the 
d i s t o r t e d h a l f - s i n u s o i d a l waveform due to the non l inea r 
p roper ty o f the device i s respons ib le f o r the r i p p l e s seen 
i n the q u a s i - s t a t i c spectrum. This n o n l i n e a r i t y i s c l ea r 
from the exponent ia l nature o f the c u r r e n t - v o l t a g e 
c h a r a c t e r i s t i c s . The exact s t a t i c c h a r a c t e r i s t i c obta ined 
i n chapter 4 shows m u l t i - e x p o n e n t i a l behaviour , but i n 
p r a c t i c e , i s no rmal ly approximated to o n l y s i n g l e 
e x p o n e n t i a l . A ques t ion a r i s e s t hen , whether t h i s 
approximat ion a f f e c t s the r i p p l e s and the spectrum. using 
the a l g o r i t h m developed i n sec t ion ( 4 . 7 ) , F i g . 6.7 shows 
the q u a s i - s t a t i c spectra obtained from the responses to the 
s i n u s o i d a l e x c i t a t i o n s app l i ed to the diodes having the 
exact s t a t i c c h a r a c t e r i s t i c and the approximated s i n g l e 
exponen t ia l c h a r a c t e r i s t i c r e s p e c t i v e l y . For an ou tpu t 
c u r r e n t o f 11.50 amp/cm~2 or 2.44 i n the n a t u r a l log 
s c a l e , the r e s u l t s reveal t h a t there i s a s l i g h t v a r i a t i o n 
o n l y i n c e r t a i n harmonic components. The approximat ion 
appears to have l i t t l e i n f l u e n c e on the r i p p l e and the 
I l l 
spectrum at low f requency , and t h i s i n f l u e n c e may be 
neg 1 ec ted . 
By s u b t r a c t i n g the q u a s i - s t a t i c responses from the 
i dea l h a l f - s i n u s o i d a l responses, the non l inea r e f f e c t i n 
the forward d i r e c t i o n i s shown in F i g . 6.8 f o r va r i ous 
values o f the l i f e t i m e s . The i n f l u e n c e o f the l i f e t i m e i s 
obscure i n these t ime domain responses, but i t i s prominent 
i n the frequency domain spectra g iven i n F i g . 6 .9 . These 
spectra also reveal t ha t there i s no v a r i a t i o n o f the 
spectrum f o r l i f e t i m e va lues between 1 microsecond and 10 
microseconds. As the l i f e t i m e decreases f u r t h e r , the even 
harmonics change r e l a t i v e l y f a s t e r than the odd harmonics, 
and e v e n t u a l l y become dominant . The higher harmonics o f 
both odd and even components g r a d u a l l y decrease. 
To observe the i n f l u e n c e o f the l i f e t i m e i n the reverse 
d i r e c t i o n , the q u a s i - s t a t i c spectrum i s sub t rac ted from i t s 
corresponding dynamic spectrum. We then o b t a i n the 
overshoot e f f e c t and i t s t r ans fo rm pa i r shown in F i g s . 6.10 
and 6.11 r e s p e c t i v e l y . For the diodes under 
c o n s i d e r a t i o n , the overshoot i s ve ry s m a l l , and i t begins 
to disappear as the l i f e t i m e i s s h o r t e n . The spectrum 
shown i n F i g . 6.11 has n e a r l y cons tan t magnitude f o r most 
harmonics i n each case. When the l i f e t i m e i s v a r i e d the 
r e s u l t s a lso show t h a t there i s no v a r i a t i o n i n the spectra 
f o r the longer l i f e t i m e d iodes . However, f o r a ve ry sho r t 
l i f e t i m e d iode , the higher harmonic con ten t becomes ve ry 
smal 1 . 
A pseudo 3-dimensional p l o t o f the dynamic spectrum at 
va r i ous values o f l i f e t i m e from 0 . 1 nanosecond to 0 .1 
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mil l isecond i s given in F i g . 6.12 in which the v a r i a t i o n 
of each harmonic component can be observed. 
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b) D i o d e s w i t h t h e s a m e r a t i o o f V l p / L n . 
F i g s . 6 . 1 3 a n d 5 . 1 4 s h o w t h e d y n a m i c r e s p o n s e s a n d 
t h e i r t r a n s f o r m p a i r s o f d i o d e s o f t h e s a m e r e c o m b i n a t i o n 
c r i t e r i a , i . e , t h e s a m e n o r m a l i z e d w i d t h , W p / L n = i . 
T h e l i f e t i m e v a r i e s f r o m 1 m i c r o s e c o n d t o 10 n a n o s e c o n d s . 
T h e l o n g l i f e t i m e d i o d e s w i t h l a r g e o v e r s h o o t g i v e n e a r l y 
s m o o t h s p e c t r a . A s t h e l i f e t i m e d e c r e a s e s , t h e e v e n 
h a r m o n i c s a r e s e e n t o d e c r e a s e r e l a t i v e l y f a s t e r t h a n t h e 
o d d h a r m o n i c s . R i p p l e s b e c o m e a p p a r e n t i n t h e l o w e r 
h a r m o n i c s a t f i r s t , a n d l a t e r a r e s e e n i n h i g h e r o r d e r 
h a r m o n i c s a s w e l l . 
T h e q u a s i - s t a t i c s p e c t r a g i v e n i n F i g . 6 . 5 s h o w t h e 
d i r e c t e f f e c t o f l i f e t i m e o n t h e d i s t o r t e d h a l f - s i n u s o i d a l 
r e s p o n s e s . T h e s h o r t e n i n g o f t h e l i f e t i m e s e e m s t o r e d u c e 
t h e m i n i m u m v a l u e s o f t h e r i p p l e s , w h i l e t h e p e a k s o f t h e 
r i p p l e s r e m a i n u n c h a n g e d . 
B i g s . 6 . 1 6 a n d 5 . 1 7 s h o w t h e d i r e c t i n f l u e n c e o f t h e " 
l i f e t i m e o n t h e t i m e d o m a i n r e s p o n s e i n t h e f o r w a r d 
d i r e c t i o n a n d i t s c o r r e s p o n d i n g s p e c t r u m r e s p e c t i v e l y . F o r 
t h e l o n g l i f e t i m e d i o d e s t h e d e c r e a s e o f t h e c u r r e n t i n t h e 
t i m e d o m a i n r e s u l t i n g f r o m t h e i n c r e a s e o f t h e l i f e t i m e , 
h a s l i t t l e e f f e c t o n t h e s p e c t r u m . H o w e v e r , a s t h e 
l i f e t i m e d e c r e a s e s f u r t h e r , a t t h e v a l u e o f 0 . 1 a n d 0 . 0 1 
m i c r o s e c o n d , t h e i n f l u e n c e o f t h e l i f e t i m e b e c o m e s 
p r o m i n e n t . T h e o d d h a r m o n i c s d e c r e a s e i n m a g n i t u d e a n d t h e 
e v e n h a r m o n i c s b e c o m e d o m i n a n t . 
T h e d i r e c t e f f e c t o f t h e l i f e t i m e i n t h e r e v e r s e 
d i r e c t i o n i s s h o w n i n F i g s . 6 . 1 8 a n d 5 . 1 9 . T h e l a r g e 
o v e r s h o o t o f t h e l o n g l i f e t i m e d i o d e p r o d u c e s a s p e c t r u m 
1 1 4 
w h i c h i s s i m i l a r t o t h a t o f a n i m p u l s e r e s p o n s e . T h e 
s h o r t e n i n g o f t h e l i f e t i m e d e c r e a s e s b o t h m a g n i t u d e a n d 
w i d t h o f t h e o v e r s h o o t , w h i c h r e s u l t s i n a r e d u c t i o n i n 
m a g n i t u d e o f t h e h a r m o n i c s a n d a n i n c r e a s e i n t h e p e r i o d o f 
t h e r i p p l e s . 
T h e r e s u l t s o b t a i n e d s u g g e s t t h a t t h e d i r e c t e f f e c t o f 
i n c r e a s i n g t h e l i f e t i m e i n b o t h f o r w a r d a n d r e v e r s e 
d i r e c t i o n s i s t o p r o m o t e t h e s m o o t h n e s s a n d r e l a t i v e l y 
s t a b i l i t y o f t h e d y n a m i c s p e c t r u m . I n a d d i t i o n , F i g . 6 . 2 0 
a l s o p r o v i d e s a p s e u d o 3 - d i m e n s i o n a l p l o t o f t h e d y n a m i c 
s p e c t r u m o f t h e d i o d e s a t v a r i o u s l i f e t i m e s , f r o m 0 . 1 
n a n o s e c o n d t o 1 m i c r o s e c o n d . 
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c) D i f f e r e n t s ized diodes w i t h a f i x e d l i f e t i m e . 
F i g s . 6.21 and 6.22 show the dynamic responses and 
t h e i r spectra o f diodes o f d i f f e r e n t s izes w i t h 
W p / L n ranging from 0 .1 to 1.0 r e s p e c t i v e l y , f o r a 
l i f e t i m e of 1 microsecond. The r e s u l t s reveal t ha t a long 
diode w i t h r e l a t i v e l y l a rge overshoot g ives a nea r ly smooth 
spectrum and a l a r g e magnitude o f the higher order 
harmonics. As the s ize o f the diode decreases, the higher 
order harmonics become s m a l l e r , and the r i p p l e e f f e c t 
a ppea r s . 
F i g s . 6.23 to 6.27 show the q u a s i - s t a t i c spectrum, 
and the e f f e c t o f the l e n g t h o f the diode on the spectrum 
f o r the forward and reverse d i r e c t i o n s r e s p e c t i v e l y . I t i s 
seen t h a t the i n f l u e n c e o f va ry ing the s ize i s equ iva l en t 
to the d i r e c t i n f l u e n c e o f the l i f e t i m e , as considered i n 
s e c t i o n b) . Shortening of the diode g ives the same e f f e c t 
as reducing the l i f e t i m e i n both the time and frequency 
domains, which in t roduces r i p p l e s i n t o the spectrum. 
A s p e c i f i c i m p l i c a t i o n of these r e s u l t s suggests t h a t , 
f o r some devices such as swi t ch ing diodes , power d iodes , 
e t c . , an at tempt to c o n t r o l the l i f e t i m e may be replaced 
or ass i s ted by va ry ing the wid th o f the d e v i c e . 
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Chapter 7 . 
Conclus ions . 
Large s igna l model l ing and ana ly s i s o f p-n j u n c t i o n 
diodes have been developed and s tudied i n t e n s i v e l y . The 
behaviour o f the devices i s descr ibed by a system of 
non l inea r d i f f e r e n t i a l equat ions namely ; the c o n t i n u i t y 
equa t ions , the c u r r e n t d e n s i t y equat ions and Maxwel l ' s 
equa t ions . The a l g o r i t h m f o r the s o l u t i o n s developed i n 
t h i s s tudy were based on the f i n i t e d i f f e r e n c e t echn ique . 
The nonl inear system equat ions can be transformed i n t o a 
set o f l i n e a r a lgebra ic equat ions w i t h the use o f the 
f i n i t e d i f f e r e n c e approximat ion together w i t h e i t h e r 
Newton's method or P i c a r d - l i k e i t e r a t i o n . The re fo re , any 
sucessive approximat ion method can then be app l i ed f o r the 
s o l u t i o n s . 
The s i m u l a t i o n began w i t h the problem at thermal 
e q u i l i b r i u m and then under reverse b ias c o n d i t i o n s i n which 
the c u r r e n t f l o w was neg l ec t ed . With these c o n d i t i o n s , the 
system equat ions reduced to o n l y Poisson e q u a t i o n . This 
a l lows a general a l g o r i t h m to be i n t r o d u c e d . In a d d i t i o n , 
the s o l u t i o n a t thermal e q u i l i b r i u m was used as a i n i t i a l 
t r i a l s o l u t i o n i n the i t e r a t i o n scheme o f the l a t e r 
p rob l ems. 
When c u r r e n t f l o w was i n c l u d e d , the whole set o f system 
equations must be taken i n t o account . F i r s t l y , we 
considered the t ime-independent m o d e l l i n g , i n which the 
problem becomes s o l v i n g a set o f non l inear o r d i n a r y 
d i f f e r e n t i a l equa t ions . An a l g o r i t h m was developed and 
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used to study the i n t e r n a l and t e r m i n a l c h a r a c t e r i s t i c s o f 
some d iodes . The a l g o r i t h m was a m o d i f i c a t i o n o f the 
C a l z o l a r i ' s a l g o r i t h m . I t employed the R-dimensional 
Newton's method i n dea l ing w i t h the Poisson equa t i on , 
ra ther than working on the co r r ec t ed term i n 
one-dimensional Newton method. The c a l c u l a t i o n o f the 
c u r r e n t d e n s i t i e s were based on the De M a r i ' s a n a l y t i c a l 
f o r m u l a t i o n s i n order to avoid i n s t a b i l i t y problem. The 
a l g o r i t h m was shown to be f a s t e r than the o r i g i n a l and was 
a lso v a l i d over a wide range o f o p e r a t i o n , 
The use o f the diodes i n a simple R-D c i r c u i t under 
l a r g e - s i g n a l s i n u s o i d a l e x c i t a t i o n was i n v e s t i g a t e d . The 
method employed a cubic s p l i n e i n t e r p o l a t i o n and the 
Newton-Raphson i t e r a t i o n to solve the c i r c u i t equa t ion . 
Secondly, we s tud ied the time-dependent model l ing o f 
the d iodes . In t h i s case, the system equations became a 
set o f nonl inear p a r t i a l d i f f e r e n t i a l equa t ions . An 
a l g o r i t h m was developed using the R-dimensional Newton 
method to l i n e a r i z e the equa t ions , and employing the 
general i m p l i c i t scheme o f f i n i t e - d i f f e r e n c e approximat ion 
i n the time d i s c r e t i z a t i o n . S c h a r f e t t e r 1 s s p a t i a l mesh 
d i s t r i b u t i o n s were inc luded to ensure s t a b i l i t y . The 
a l g o r i t h m was used to i n v e s t i g a t e the i n t e r n a l and t e r m i n a l 
t r a n s i e n t c h a r a c t e r i s t i c s o f a diode under t u rn -on step 
e x c i t a t i o n s . The s teady-s ta te responses o f l a r g e - s i g n a l 
s i n u s o i d a l e x c i t a t i o n were a lso obtained and s t u d i e d . 
In both cases, the i n f l u e n c e o f m i n o r i t y c a r r i e r 
l i f e t i m e on the t e r m i n a l c h a r a c t e r i s t i c s was 
comprehensively s t u d i e d . However, the v a r i a t i o n o f the 
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l i f e t i m e also a f f e c t s the r a t i o W n / L n « T n e 
l i f e t i m e and the r a t i o are i n v e r s e l y r e l a t e d . The re fo re , 
the i n f l u e n c e o f the l i f e t i m e has been considered 
separa te ly f o r diodes w i t h the same l e n g t h , diodes w i t h the 
same r a t i o s W p / L n , and f i n a l l y diodes w i t h 
d i f f e r e n t r a t i o but the same l i f e t i m e . 
In the forward d i r e c t i o n , the r e s u l t s showed t h a t a 
decrease o f the l i f e t i m e r e su l t ed i n an increase o f the 
c u r r e n t ( f o r the diodes w i t h the same r a t i o ) . But an 
increase o f the r a t i o causes the c u r r e n t to decrease. So 
the e f f e c t o f the l i f e t i m e on the f i x e d l eng th diode 
c u r r e n t was t h e r e f o r e a combinat ion o f these two 
v a r i a t i o n s . In the reverse d i r e c t i o n , the overshoot e f f e c t 
due to s tored charge was shown to become l a r g e r as the 
l i f e t i m e increases ( f o r the diodes w i t h the same r a t i o ) . 
But decreasing o f the r a t i o was shown to minimize the 
overshoot e f f e c t . 
In a d d i t i o n , f requency domain a n a l y s i s o f these diodes 
has been i n c l u d e d , by app ly ing the f a s t Four ier Transform 
d i r e c t l y to the s o l u t i o n s o b t a i n e d . Fol lowing the same 
l i n e o f i n v e s t i g a t i o n as i n the t ime domain, we also 
s tudied the i n f l u e n c e o f the l i f e t i m e on the harmonic 
genera t ion o f the d iodes . For the diodes w i t h the same 
r a t i o , an increase o f the l i f e t i m e tended to smooth the 
spectrum and ra i se the higher order harmonics i n the 
forward d i r e c t i o n . However, i n the reverse d i r e c t i o n i t 
in t roduced r i p p l e s i n the spectrum and raised the lower 
order harmonics. S i m i l a r l y , t h i s e f f e c t showed in the 
diodes when the r a t i o became h i g h e r , i . e , longer d iodes . 
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For the diodes w i t h the same l e n g t h , the spectrum conf i rmed 
t h a t there e x i s t s an optimum value o f the l i f e t i m e a t which 
a sa turated c u r r e n t occur s . 
To some e x t e n t , the r e s u l t s obtained were i n t u i t i v e l y 
obvious and showed good agreement w i t h those descr ibed by 
the c l a s s i c a l a n a l y t i c a l t h e o r y . This conf i rmed the 
v a l i d i t y and r e l i a b i l i t y o f the a l g o r i t h m s used. However, 
f o r more compl icated cases, e . g . a r b i t r a r y doping p r o f i l e 
d iodes , l a r g e s i g n a l o p e r a t i o n s , e t c . the a n a l y t i c a l 
methods become i m p r a c t i c a l and on ly approximated s o l u t i o n s 
are a v a i l a b l e . On the other hand, our numerical a lgo r i t hms 
provide not o n l y the exact and complete s o l u t i o n s , but a lso 
the p r a c t i c a l methods to observe c e r t a i n phenomena such as 
the harmonic spectrum genera ted . This work may t h e r e f o r e 
be u s e f u l i n a d e t a i l e d study o f semiconductor devices 
where the i n f l u e n c e o f p h y s i c a l parameters on the 
c h a r a c t e r i s t i c s i s o f i n t e r e s t . The devices may then be 
designed to meet exact requ i rements . The use o f the 
f i n i t e - d i f f e r e n c e technique provides f l e x i b i l i t y i n t h a t 
the a l g o r i t h m s can be extended i n t o two-dimensional 
problems. 
I t i s seen t h a t the bas is o f the a lgo r i t hms used i n 
t h i s work i s repeated i n v e r s i o n o f a t r i d i a g o n a l m a t r i x 
u n t i l the s o l u t i o n i s f o u n d . The use o f a s i n g l e processor 
r equ i re s a sequen t i a l a l g o r i t h m f o r t h i s ma t r ix i n v e r s i o n . 
This needs a l a rge amount o f processing t i m e , p a r t i c u l a r l y 
when an accurate s o l u t i o n i s d e s i r e d . For two-dimensional 
cases, t h i s problem becomes c r i t i c a l and uneconomical i n 
p r a c t i c e . However, recent work on p a r a l l e l numerical 
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a l g o r i t h m s provides an a l t e r n a t i v e method to solve t h i s 
problem. The m a t r i x can be s l i c e d i n t o N s e c t i o n s , and 
then N-processors may be used in p a r a l l e l . The processing 
t ime i s i d e a l l y N-t ime l e s s than a sequen t ia l a l g o r i t h m . 
For f u t u r e work, t h i s p a r a l l e l a l g o r i t h m may be considered 
f o r both one and two dimensional cases, and a hardware 
s imu la to r could also be developed. 
A p p e n d i x A . 
T r i d i a g o n a l s y s t e m . 
The g e n e r a l form o f a t r i d i a g o n a l s y s t e m i s : 
b l X l + ° l X 2 = d l { A , 1 ) 
a 2 X l + b 2 X 2 + C 2 X 3 = d 2 ( A - 2 ) 
a 3 X 2 + b 3 X 3 + C 3 X 4 = d 3 ( A , 3 ) 
a
N _ l V 2 + b N - l X N - l + C N - l X N = d N - l 
3 N X N - 1 + b N X N = d N ( A ' N ) 
The e q u a t i o n s c a n be s o l v e d by G a u s s i a n e l i m i n a t i o n , 
and t a k i n g i n t o a c c o u n t the t r i d i a g o n a l n a t u r e o f t h e 
s y s t e m . 
M u l t i p l y i n g e q u a t i o n A. 1 by a 2 / ° i a n c 3 
s u b t r a c t i n g from e q u a t i o n A . 2 we o b t a i n new e q u a t i o n A . 2 
a s 
[ V ( V V C 1 1 X 2 + ° 2 X 3 = V ( V b l ) d l 
or 
J ( A . 2 ) 
S i m i l a r l y , e q u a t i o n A . 3 c a n be e l i m i n a t e d a s 
t b 3 - ( a 3 / b 2 , C 2 1 X 3 + C 3 X 4 " d 3 - < a 3 / b 2 ) d 2 
or 
b 3 x 3 + C 3 X 4 • d 3 
( A . 3 ) 
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T h u s , i n g e n e r a l , by u s i n y the r e c u r r e n c e r e l a t i o n s 
b l " b l 
d l = d l 
b* = b i - O i / b - . ^ c ^ i 
d i = d i - ( a i / b i - i ) d \ . l 
i = 2 , 3 , 4 , ,N 
we c a n w r i t e 
> * 
b i X i + c i X i + 1 = d i 
and the l a s t e q u a t i o n becomes 
b N *N = d N 
( A . i ) 
(A .N) 
By back s u b s t i t u t i o n , t h e s o l u t i o n s c a n be d e t e r m i n e d 
from 
d*N/b*N 
and 
x i = ( d i - C i X i + 1 ) / b * 
i = ( N - l ) , ( N - 2 ) , ,1 
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A p p e n d i x B . 
C u b i c s p l i n e i n t e r p o l a t i o n . 
A c u b i c s p l i n e S ( x ) i n t e r p o l a t i n g f ( x ) a t the p o i n t s 
x o <*l < x 2 < »
< x n 
( B . l ) 
has t h e f o l l o w i n g p r o p e r t i e s : 
1) S ( x ) i s a c u b i c p o l y n o m i a l i n [ * k , x k + 1 ] 
k = 0 , 1 , 2 , , n - l 
2) S ( x ) = f ( x k ) 
k . — 0 ; 1; 2f s « t i t e e : e ;H 
3) S ' ( x ) and S" (x ) a r e c o n t i n u o u s i n ( * 0 , x n ) 
F o r x 6 [ x k / X k + 1 ] f s ( x ) c a n be w r i t t e n a s 
S ( x ) = a k ( x - x k ) 3 + b k ( x - x k ) 2 + c k ( x - x k ) + d R 
By d i f f e r e n t i a t i n g , 
S ' ( x ) = 3 a k ( x - x k ) 2 + 2 b k ( x - x k ) + c f c 
and 
S"(x ) = 6 a k ( x _ X k ) + 2 b k 
For s i m p l i c i t y , l e t 
S " ( x k ) = M k 
U s i n g the second p r o p e r t y , f o r x 6 l x k , x k + 1 l , 
e q u a t i o n B . l g i v e s 
*k = S ( x k ) = d k ( b _ 5 ) 
f k + l = S ( W = 3 k h k + b k h k + C k h k + dk 
( B . 6 ) 
where 
( B . 2 ) 
( B . 3 ) 
( B . 4 ) 
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and 
h k = ( x k + i ~ x k ) 
S i m i l a r l y , e q u a t i o n B . 3 g i v e s 
M k = 2bi 
M k+1 = 6 a k h k + 2 b k 
T h u s , we c a n w r i t e 
b,, = k = M k / 2 
a.,. = k  ( M k + 1 - M k ) / S M k 
S u b s t i t u t i n g 
e q u a t i o n B . 6 , we g e t 
'k# b k and c k i n t o 
( B . 7 ) 
( B . 8 ) 
C k = f k + l " f k - ( 2 V k + h k \ + l > 
From e q u a t i o n B . 2 , w i t h x = x. W e have 
( B . 9 ) 
S ' ( x k ) = C l 
S i m i l a r l y , i n the p r e v i o u s 
x G t x k - l ' x k 3 ' e o « u a t i o n B . 2 i s i n t a e form 
S ' ( x ) = 3 a k _ i { , . ^ _ i ) 2 + 2 b k _ i ( x - x k _ i ) + 
( B . 10) 
i n t e r v a l 
w i t h x = x k , we have 
S ' ( x ) = S a ^ h ^ + 2 b k _ 1 h k _ 1 + 
where 
h k - l = < x k" x k - l > 
( B . l l ) 
125 
U s i n g the t h i r d p r o p e r t y , e q u a t i o n B . 1 0 and B . l l c a n 
be e q u a t e d , and t o g e t h e r w i t h the v a l u e s o f a ,b , c and d 
d e r i v e d a b o v e , we f i n a l l y o b t a i n a t r i d i a g o n a l s y s t e m 
h M + (2h. + 2li ) M + h M = 6 
k -1 k -1 k -1 k k k k+1 
k = 1 , 2 , 
f - f 
k+1 k 
h~ 
, n - l 
f - f 
k k -1 
B . 12) 
T h i s g i v e s ( n - 2 ) e q u a t i o n s r e l a t i n g the n v a l u e s o f 
l \ , t h e r e f o r e two a d d i t i o n a l e q u a t i o n s a r e r e q u i r e d . 
To some e x t e n t t h e s e end c o n d i t i o n s a r e a r b i t r a r y . 
However , f o r some s p e c i f i c s p l i n e s , t h e f o l l o w i n g end 
c o n d i t i o n s a r e g i v e n . 
1) N a t u r a l c u b i c s p l i n e . 
S ' ( x o ) = 0 = S " ( x n ) 
or 
MQ = 0 = M n 
2) Comple te c u b i c s p l i n e . 
S ' ( x o ) = f ( x o ) 
and 
S ' ( x n ) = f ( x n ) 
or 
2 M Q + M l = 1 
h_ 
f l " fo - f 
and 
2 M n + M n _ ! = A 
' n - l 
f ' n - £ n - f n - l 
n n - l 
A p p e n d i x C . 
Computer S u b r o u t i n e s . 
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